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ABSRACT

Let R be any ring with identity and let M be a unitary left R—module. This
research studies two types of concepts . The first is small submodules and
the second hollow modules with some examples and properties.



INRODUCTION

Throughout, all rings are associative with identity, and modules are rings
unitary. In this work, we will study the concepts of the small submodules
and the hollow modules This research has two chapters: In chapter one, we
recall some properties about the module. In chapter two, there are two
sections. In section one, study the small submodules with examples and
properties. Section two studies the hollow modules with examples and
properties.



CHAPTER ONE

BASIC CONCEPT OF MODULES



Chapter One : Basic Concept Of Modules.

In this chapter we will recall the definition of modules with some examples
and properties.

Definition (1. 1)[1]: A non- empty set (G) on which binary operation (+) is
defined is said to from group with respect to this operation provided for

arbitrary a, b, ¢
¢ The following properties hold :
1. (a*b) *c =a*(b*c)

2. There exists 0 €G s.t a*0=a for all a €G
3. Foreacha € Gthereexistsa—1 € Gs.ta*a—1=0

Example (1.2) : ( Z, +) is group.
Solution :

a) Zisclosedunder (+) - atb€ZVa,be€Z.
b) (+) is associative on Z — (at+b)+c =a +(b +c),Va, b, ¢

€Z.
c) 0 is the identity element with add since V a € Z — a+0
= 0+a =a.

d) Va€eZ, 3 -a€eZs.tat (-a)=0.

Definition (1.3)[1]: A group (G, *) be called commutative group or

( abelian group) if a*b =b*a, Va,b € Z.

Example (1.4) : show that ( Q — {0}, *) is commutative group.
Solution :

1) Q-{0} is closed under (*), since V a, b € Q-{0} — atb € Q-{0}.
2) () is assoc. on Q-{0} , since (a. b).c=a. (b.c).
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3) 1 is the identity element with multiple of Q-{0},V a€ Q-{0}
—a.l=l.a=a

4) Vae Q-{0},3a-1€Q-{0} s.ta.a—1=1.

5) Va,b€ Q-{0} — a.b=b.a— () is comm. On Q-{0}.

= (Q-{0} , *) 1s comm. group.

Definition (1.5)[1]: let R be non— empty set and let (+, ) be two binary
operations on R then

% (R, +,°) is a ring if :-

1. (R, +) is an abelian group that is :
+ 1s closed on R.

= + ]s associative.

= VaeR,d30€eRsta+t0=a.

VaeR,3-a€eRsta+(-a)=0.
* + is commutative.

2. (a.b).c=a.(b.c).

3. a.(b+tc)=a.bta.c.

Example (1.6): show that (Z, +, ¢) is a ring.
Solution :

1) (Z, +) is an abelian group :

Closed, Va,b €Z s.t atb € Z.
Assoc. Va, b, ¢, €Z s.t (a +b) +¢c = at+(b+c).
Va€eZ,deelstate=a.
Va€Z,q-a€Zstat(-a)=¢.

e. Comm., Va,b €Zs.tat+tb=b+a.
2) (Z, *) is semi group :

a) Closed, Va,b€Zs.ta.b €Z.

b) Assoc.,Va,b,c€Zst(a.b).c=a.(b.c).
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3) Distributive
Va,b,c €Zs.ta. (btc)=a.b+a.c

Definition (1.7)[1]: let R be a ring with Identity an abelian group (M, +) is
called a left R-module if there exists a mapping «<: RxM —M s.t (1, m) =
rm,VreR, meM.

Set is fying the following conditio :

l. x(r,mi+m2)=o(r,m)+xX(r,m2).
2. XxX(ri+tr2,m)=«(ri,m)+ (r2,m).
3. «(rir2,m)y=o(r1), x(r2,m).

4. In addition 1. m =m.

Example (1.8) : Every additive abelian group is Z—module.

Solution : let (M, +) be an abelian group define a mapping @: ZxM —M
S.t

ata+...... +a(n—times) ifn > 0
@(n, a) =n. a wheren. a=
(-a) +(-a) +.... +(-a) (n—times) if n <0
Now, we satisfying the conditions :-

l. @(n,al+a2)=n(a;+az)
=(ai+az)+....+(ai+a>)(n-times)

=(a1+a1+.....+al)l+l(az+az+....+az)

| |

n- times n- times
=n.a;+n.ar
=@ (Mm,a1)+@(n,az)

2. @(ni+nz2,a)=(ni+n2).a=ni.atnz.a
3.0(ni1.n2,a) =(ni.n2).a=ni.(nz.a)
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4. If 1 1s the 1dentity element of ring Z , then l.a=a,Va €M

Definition (1.9)[1]: Let M be a right R-module and let @ # N < M is called
a submodule of a module M

iff :-

a. atbeN,Va beN.
b. raeN,VreRanda€A

Example (1.10) : ( Z, +) is Submodule of Module ( Q, +) over a ring (Z, +)
SinceQ#Z2< Q.

Solution :

a. atbeZ,VabeZ
b.raeZ VreR Va€eLZ.

Definition (1.11)[1]: A Submodule N of left R—-module M is said to be a
direct summand of M if there is a Submodule of M s.t M = N @K. In other
word there is a Submodule Kof M st M=N+Kand NN K=0 .

Example (1.12) : let M = Z ¢ as a left Z— module , find all direct summand
of M.

Proof : M, 0,N =<2>=1{02,4 landN,=<3>=1{0,3 } are all
directs summand of M .

Definition (1.13)[1]: let M be an R—module called semi simple module if
every Submodule of M is a direct summand of M.

Definition (1.14)[1]: suppose that A, B and C are Submodule of M over a
ring R and suppose that A < B, show that (BN C)+A=B N (C+A).




Definition (1.15)[1]: let G and H be group. A homo. F : G —H is function

f:G—oHs.tforallg:i,g2€G, f(gi,g2)=f(g1)f(g2).

Definition (1.16)[1]: If /: A —B is a homomorphism and every element of
B is the image of some element in A , then fis an Epimorphisms.

Definition (1.17)[1] : A submodule N of a module M called a proper
submodule if N #M .

in simple terms :
= NCM
= N is closed under addition and scalar multiplication (i.e., it’s a
submodule)
= But not equal to the whole module.
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CHAPTER TWO

SMALL SUBMODULES AND HOLLOW
MODULES



Chapter Two : Small Submodule And Hollow Modules.

In this chapter, we will recall the concepts of the small submodules and
hollow modules with some properties.

1. SMALL SUBMODULE

In this section, we recall the small submodule with some properties.

Definition (2.1.1)[2] :

Let M be an R—module and S be a submodule of M , S is said to be small
submodule of M (denoted N M) , if for any submodule N of M such that M
=S+ N, wehave N=M.

Examples and Remarks (2.1.2) :

1) For any R—-module M , {6 } 1s a small submodule of M but is not small
in M . Since the only case that we haveis 0 + M =M

2) The submodule { 0 ,E } of the Z 4 as Z-module is small of Z 4 since the
only case that we haveis { 0,2 } +Z4=2Z4.

3) The submodules { 0,2 ,4 } ofthe Z ¢ as Z—module is not small of Z ¢
since { 0,2,41+{0,3}=7¢ but{0,3}#75.

4) In Z as a Z-module, 2 Z is not a small submodule since 27+37=7 but
37#7 .



The following proposition gives some properties of small submodules see

13].

Proposition (2.1.3):

Let K ; and K 2 be a submodules of R—-module MK | K Mand K, <K M,
then K 1+ K< M.

Proof :

LetK i KMand K2 &K Mtoshow K+ K&K M, letK+K, +U=M
,where U submodule of M to prove M = U since K | KM,

then K » + U= M since and since K< M ,then M =U and K 1 + K » <M.

The following proposition shows that the image of a small submodule is
also small.

Proposition (2.1.4) : Letf: M — M 'be an R-epimorphisms and A <M.
then f(A) K M".

Proof :

Let f(A)+B =M’ where B is a submodule of M". So /"' (B) is a
submodule of M'and A+ 1 (B)<M ...(1)

Letme M .Hencef(m)€ M'=f(A)+B . So there exists a € A such
that f(m)=f (a)+ b forsome b € Band b=f ( m—a).

Hence m—a € f "/(B) . Since a€ A. Som =m—a+a € A+ (B).
Thus M< A+ (- (B) ...(2).

From (1) & (2) have that A+ -/ ( B) = M since A < M, so /' ( B) = M and
ff~Y(B)=f( M) since f'is onto therefore B=M "and /' (A) < M’



Proposition (2.1.5) : Let M be an R-module M and K 1 and K 2 be
Submodule of M with K | <K <M if K 2 &K M then K | K M.

Proof : Let K | + U = M such that U Submodule of M since K 1<K > we
have M=K 1+ U<K + U, hence M<K+ U<M, then M=K >+ U and
since K » < M therefore M=U and K | K M.

Proposition (2.1.6): Let M be an R-module and N, K, L are Submodule of
M withN<L<M ifK « Lthen N <« M.

Proof :
suppose that N + C = M, to prove M = C, since L < M,
hence L=MNL=(N+C)NL=N+(CNL)

since N<K,L=K+(CNL),since KK LthenL=C LandL<C but
N <L, hence N <C then N + C= M then C =M and hence N < M.

9



2. HOLLOW MODULE

In this section, we recall the hollow modules with some properties.

Definition (2.2.1) [4] : An R-module M is called hollow modules if every
proper submodule of M is small submodule of M

Examples (2.2.2) :

1. Z4 as Z—module is a hollow module.
2. Z ¢ as Z— module is not hollow module.
3. If M is semi simple, then M is not hollow module.

Now , we give some properties of hollow modules. See[5].

Proposition (2.2.3) : Epimorphisms image of hollow module is hollow.

Proof : Let M be hollow module and /- M — M "an epimorphisms with
M 1s module.

Suppose N is proper submodule of M ' with N'+ K '= M'where K'< M

Now f~!( N ') is proper submodule of M since otherwise =/ ( N') =M
and hence f(f~'(N ") =f( M) = M'implies that N '= M,

thus /=7 (N ') is proper submodule of M and therefore /= (N') K M
and hence f(f~/(N ') < f (M) thatis N' <K M .

Proposition (2.2.4) : Let K be small submodule of module M if M/ K 1s
hollow module then M is hollow.

10



Proof : Suppose that M/ K is hollow module with K < M.
Let N be proper submodule of M with M =N + L,
where L<MthenM/K=(N+L)/K

impliesthat M/ K=[(N+L)/K]+[(L+K)/K]since( N+ L)/ K
is proper submodule of M/ K then (N + L) / K < M/ K and hence

(L+K)/K=M/K therefore L + K =M but K << M then L = M that is

M is hollow module.

Proposition ( 2.2.5) :

Let M =M ;® M >, Mis duo module then M is hollow iff M ;and M »
are hollow provided N M ;# M ;foralli=1,2,NCM.

Proof :

=) let Mishollowand N @ NS M D M withN ;S M and N C
Myand N, @ N> <K M ;P M >= M to show M 11is hollow.

Letzm1: M ; @© M >— M the projection map define as follows, 7 ; ( m 1
+mo)=miforallm ;+m> €M @ M,,since Nt N> KM ; D M.
Thus by proposition (2.1.4) 7 /(N1 @D N2) Lm (M1 D M:2)

then N ; < M ;. Thus M 1is hollow and similarly M » is hollow.
&) let M 1 and M > are hollow to show M =M ;
Toprove Nt N> KM @ M;,,since N, KM ;SMand N><KM><

M then by proposition (2.1.5) , N ; <K M and N > < M. By proposition
(2.1.3).

NN KM=MEPM-,;.



Reference

[1] F. Kasch , Modules and Rings, Acad. Press, London,
(1982).

[2] W. W. Leonard, "Small Modules," proc. Amer. Math.
Soc. Vol. 17, pp. 527-5311, 1966.

[3] F. W. Anderson and K. R. Fuller, Rings and categories
of modules, Springer — Verlag ,New York , (1974).

[4] R. Wisbauer , "Foundations of Module and Ring
Theory", Gordon and Breach , Philadelphia. 1991.

[S] P. Flury , Hollow modules and local endomorphism
rings, pac. J. Math., 53(1974), 379-385.



	1. SMALL SUBMODULE
	2. HOLLOW MODULE

