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Introduction

This appendix will be devoted to the introduction of the basic
proper ties of metric, topological, and normed spaces. A metric
space is a set where a notion of distance (called a metric)
between elements of the set is defined. Every metric space is a
topological space in a natural manner, and therefore all
definitions and theorems about topological spaces also apply to
all metric spaces. A normed space is a vector space with a
special type of metric and thus is also a metric space. All of these
spaces are generalizations of the standard Euclidean space,
with an increasing degree of structure as we progress from

topological spaces to metrics




Conclusion

This research dealt the Study of metric space and topological
space, the similarities and differences between them, and the
Characteristics of each. It also dealt with defining types of Sets
it topological and metric space. We also touched on the tubes of
topological Space, and we concluded through this research that
topological space is wider that metric space, as the elements of
topological space are sets. It is noted that a metric space can be

used to define a topological spacer while the reverse is hot true.
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Chapter one




Chapter one
Topology space

[1.1] Definition: "Topology'" (1)

It is one of the branches of mathematics that is Concerted with studying the
Structures Components and properties of all different space so that these properties
remain similar under continuous shaping operations without tearing of leaving
openings. in moving from one to the other and vice Versa as well.

[1-2] Definition: "Topological space" (1)

Let X be a nonempty set and t be a family of X (i.e, € IP(X) ). We say, T isa
topology on X if satisfy the following conditions:

(1) X,0er
(2) IfU,Ver, ThenUN Ver

The finite intersection of elements from 7is again ah element of z.

) IfU,ena€A thenU, € AU, ETVa€eEA

The arbitrary (finite or infinite) union of elements of 7 is again as element of 7. We
called a pair (X, 7) topological space.

[1-3] Definition: "open set" (1)

Let (X, 7) be any topological space, then the members of 7 are said to be an open
Set.

[1-4] Example:

If X = {a, b} with topology T = {@, X, {a}, {b}} Thent = @, X, {a} and {b} are open
Subset of T.




[1-5] Definition: "Close Set" (1)

Let (X, T) be atopotogical spare. A subset s of X is said to be closed Set in (X, T)
if its complements ifX, hatmetyX /S, is open in(X, T).

[1-6] Example:

ifX ={a,b},T = {¢, X, {a}}
Then X, ¢, {b} are closed set since

¢ =X,X = ¢,{a}* = {b}
We will show the types of topologies

[1-7] Definition: "indiscrete of topology" (1)

Forany Set X # ¢, I = {¢, X} is topology onX. I is called the indiscrete or trivial
toparagy on X

[1-8] Example X = {a,b,c}, X = {0, x}

Solution: [ is topology on X and called indiscerte tololagy since satisfies the
following conditions:

L, X, p €l

iI.VALBEI=>AANBEI
li. A;,i € A - UA; € IX, isin indiscrete topology s puce.

[1-9] Definition: "Discrete topology" (1)

Let X be atyhoh-emply Set and let I be the collection of all subset of X. then t is
called the discrete topology on the Set X. the topological space (X, T) is called a
discrete space.




[1-10] Example:

X={x}D={0X{a},{b},{c},{d}, {a b},
{a-c}{a,d}-{b,d}-{b,c},{ab,c},
{a,b,d},{a,cd} {b,c,d}, {c d}}

Solution: D is topology on X and called discrete topology since satisfies the following
condition:

i=X,¢peD
ii-VABED=>ANBED

XD is discrete topological space.

[1-11] Definition: "usual topology" (1)

Let U be a cdlection of all open interval of real numbers, then U is a topotogy on R
it called the usual topology on R.

[1-12] Example:
X=R,U={¢,R,(—66)}

@ - R - (—6.6) ate opeh sets.
R, @.(—o0,—6)] U [6, ) are closed sets.

[1-13] Definition: "Coffinite topology" (1)

let X be aby hoh-ehply set. A tropology T on X is catted the filite-closed to potogy
or the coffinite topology if the closed subset of X ave X and all finite subsets of X
that is, the opec Sets are © ald all subsets of X which have finite Complements.

[1-14] Example:

x=Nf¢={¢p,X,N-{1--- €}, N—-{10...,99}}
X,¢,N={1..€},N,{10..99}r = open
¢, X, {1+ €},{10...99}7 closed




[1-15] Definition: Compact Space (1)
a space X is called compact if each open cover of X has a finite sub cover forX i.e., X
IS compact

Vc={U,Ja€A; U, etVanX=U, € AU,
=3, ...y, X = UL, Uai.
X is not Compact = 3C = {U a } a€ A;
U etVanX =Ua€ AU;;
=>34,a; ..y, X = UL Ui
[1-16] Theorem: (1)

The continuous image of compact space is compact. i.e, If (X,r) = (Y, t') is
continuous function and X is compact space. Then f(x) is compact.

Proof: Let f: (X,T) — (y,T") be couhtinuous and X compact space. To aprove, f(x)
compact sit y
let C = {V,}a € A open cover for f(x)

=>f(x)cV,eAV,V,eEt'Va eA

= () € f7H(V, € AV)

= x SV, € Af 71 (V) (since f7H(f (x))) =
X And f71(U, € AA,) = U, € Af ~1(4,)
since f is continuous = f~1(U,)TVx € A

= {f~1(U;)},e4 is open cover for X
~ X iscompact= 3 a; ... + a,;

x<UlLja=>f(x)Sf (Uih=1f_1(”2i"))

== U, (f " (vay)) (since f(AUB) = f(A) U f(B))
= f(x) < UL, Val [ since f(f~1(A)) € A)
= f(x) compact Set




[1-17] Theorem: (1) A closed subset of a compact space is compact.

Proof: let (X, T) compact space and f closed set in X To prove. f compact set
let C = {U, }a € A open cover of f

s> fCcUa€AUog;UaeETVaEA

~X =FUF¢ = X — U, € AU,F® (since F C U,c,U,)
~ U, ETVa € AN F° €t (since f closed set)

= {Ua} a€A U {F°} open cover of X

. x compact = Ia, ...a,, X = (UL Uai) F€

But, FS X =F < (UL,Uy)UF€

since FNF¢=¢ =>F c UL, U,

~ F compact Set

Notes that the condition being F closed is very important and the theorem is not true
if the Condition deleted.

[1-18] Theorem: let (X, T) be a topological Space and P be the family of closed
sets on x, then

(Hx,PeP

(2)IfA-B€P.ThenAUBEFVYA-BE€P
(3)IfA, € P; t€ A, Thehn,.c,€ P VA, EP
proof: (1)

SPET>PEP>XEP
“XET=2XEP=>¢ED

2) let
APBEF = A°-B €t
= A° N Bt
= (AUB)‘ €er
=>AUBEP

(3) let




Aa e PVa€E A
>ACeETVa€eEA

= UyeaAb €T
= (naEA A*)C ET
=>Ngeq A, €EP
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Chapter two

Metric space

[2-1] Definition: ""Metric space' (2)

If a set in which the concept of distance between the elements of the set it known,
and it is called three-dimensional space or Euclidean space, as the Euclidean metric
defines the distance between Points as a Straight Line Connecting them.

[2-2] Definition: "*Metric spaces™(2)

Let X be a non-empty set and d: XxX — R is called the distance function satisfy the
following conditions:

(@) d(x,y) >0, forallx,y € X

(b) dix,y) =0ifx =y

(C) d(x,y) = d(y,x) forall x,y € x

(d) d(x +y) < d(x,2) + d(z y) (Triangle inequality)

then (x, d) is called metric space.

[2-3] Example :( 2)

Letd: R X R — R defined by d(x,y) = |x — y|, for all x, y € R Show that (R, d)
IS @ metric space

solution:

(1) d(x,y) = |x —y| > 0, for all x,y € R(By def: of absolutely value)

(2)d(x,y) =0

Slx—yl=05x—y=05x=y




(3)d(x,y)

= |x -yl
== —x)|
=|-1—-|ly—x|=|y—x|=d(y,x)
(4)d(x,y)
= |x —y|
=|lx—z+z—y|

< lx—z|+|z -yl
=d(x,y) +d(zy)

~ (R, d) is a metric space.




Open Balls and closed Bats and the Ball in metric Space. :( 2)

[2-4] Definition: ""open Bulls”
let(X, d) be a metric space, group (Y € K,)r)o Xy € X

B(Xor) ={X € X:d(X,x,) <7}

is called open Balls in (X, d) center (X,) and
radius(r).

[2-5] Definition: "'Closed Balls"
Let (X, d) be a metric space and Definition

Blxo,| = {x € X:d(x,x,) <7}
is called closed Balls in (x, d) center (x,) and radius(r).
[2-6] Definition: ""The Balls"
let (X - d) be ahretric Space and Definition

B(xo,) = {x € X:d(x,x¢) =7}

is called Balls in (X, d) the center (X,) and radius(r).

open set and closed Set in metric space

[2-7] Definition: "open set™

Let (X, d) be a metric space and A < X. Ais called ah open Set if VP € A there

exists r >, (r € R) such that
Br(p) S A.i.e.Aisopenifd° =4

[2-8] Example:
Let (R,d) be a metric Space, which of the following sets is open A = (0,1) is open
since A° = (0,1) = A.




[2-9] Remark: every open interval in R is an open set
EX: (a, ) - (—,a), (a,c) are opeh Sets.
Soll: Vb # a-3d = |b — q

S.t(b—¢€,b+¢€)C(a, o)
~ (a,0)° = (a, ™)

~ (a. ) is open set.

[2-10] theorem: Every ball is an open Set (2)
Proof: Br(xy) = {x € X:d(y,xy) < 1}
Lety € Br(xy) =2 d(y,xy) =1y <rtakee=r—r, >0T.PB € (y) € Br(xy)

Letz€ B € (s) T.P.z € B.(xy)
d(z,y) <eTP,d(z,xy) <r

d(z,xy) <d(z,y) +d(y;,x) <e+n
<r—-n+n<r

~d(z,xy) <r—Z € Br(xy)

* Be(y) < Br(xo)

Hence every point of Br(X,) is ah interial Point.
~ Br(X,) is an open set.

[2-11] Definition: Closed Set

let(X, d) be amtric space and f < X. is called an closet Set in (X, d) if The complement
of thisset X/f isan opeh setin (X, d).

e f <Xisclosedif F' C F.

[2-12] Example :( 2)

Let (R - d) be a metric space and A = (0.1)

soll:
~A"=[0,1]and A" ¢ A
=~ A =(,1) is not closed

10




[2-13] Example:

Let (Rod) be a metric space and A = [2,7]
soll:

~A'=[27]and A’ < A
~ A =1z.7] is closed

[2-14] Theorem :( 2)

In a metric space a set E is closed if and only if its
complement is open

proof: Suppose that E is closed Set

T.P. E€is open

letXEE*=>X&E

+ E is closed
~ X is hot atimit point of E

=>r>0-stBr(x))AE=0
= x € Br(x) € E¢ = E° is open

Suppose that E€ is open
T.P E is closed

Let X be a limit point of E

VBr(x) sir. Br(x) AE = @
~ Br(x) ¢ E¢ ~ E® is open
~x ¢ E°
~X€EE
=~ E 1s closed.

[2-15] Definition: “Compact Space” (2)

A Subset E of a metric space is called compact if every open cover of E contahins
a finite sub cover.

i.e E < Ui Gi = 1);,,iyins-t-E = UL Gy

11




[2-16] Example :( 2)
every finite set of a metric space is compact.

Solution: Let (X, d) be a metric space and E € X
where: F = {xy, X5, ..., X}

Let {G;};e; be an open cover of E
~EUiE IGil
Let x; € Gi, %5 € Gip, X, € Gy,
B ={xq, x5, .. xn} CUIL; Gyj

~ E 1s compact.

[2-17] Theorem :( 2)

closed Subset of compact metric space (X, d) is Compact.
Proof: Let E € X be closed.
let {G,};c; be an open Covering for E

~ Fis closed = E€ is open
X =U;eG; VES
23,00, €1

St. X =UL,G,UE®

~ F € X = EGU[L,G;

~ E 1s compact.

12
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Chapter Three

Metric Topology

[3-1] Introduction :( 3)

Metric topology is a fundamental concept in mathematical analysis and topology
that extends the idea of distance in a space. It allows us to study the structure and
properties of spaces based on a metric function. In this chapter, we explore deeper
aspects of metric topology, including completeness, compactness, connectedness, and
real-world applications.

Metric topology is a type of topology that arises from a metric space. A metric
space is a set X equipped with a metric (distance function) d: X X X — R, which
satisfies the following properties for all x,y,z € X :

1. Non-negativity: d(x,y) = 0 (distance is always non-negative).
2. ldentity of Indiscernible: d(x,y) = 0 ifand only if x = y.

3. Symmetry: d(x,y) = d(y, x).

4. Triangle Inequality: d(x,z) < d(x,y) + d(y, 2).

Using this metric, we define a topology on X by specifying the open sets:

e Assubset U € X is open if, for every point x € U, there exists an e-ball around
x that is completely contained in U.
e The e-ball around x is defined as:
B(x,e) ={y€X|d(x,y) <e}

Where € > 0 is a positive real number.

This collection of open sets forms a topological space, called the metric topology.

13




[3-2] Examples of Metric Topology :( 3)

1. Euclidean Space R"

e The standard distance is d(x,¥) =/ (x; — y1)% + - + (, — yn)?.
e The open sets in the metric topology are just the usual open balls in R™.

2. Discrete Metric

o Defined(x,y)=1ifx#yand0ifx =y.
e Every subset of X is open, so the metric topology is the discrete topology.

3. Taxicab Metric (Manhattan Distance)

e Defined on R? by d((xp)ﬁ)» (xz»YZ)) = |x; — x| + |ly1 — ¥2l.
e The topology differs from the usual Euclidean topology since open balls look
like diamonds instead of circles.

[3-3] Properties of Metric Topology: (3)

1. Completeness
A metric space (X, d) is complete if every Cauchy sequence converges to a point in
X. A sequence {x,} is Cauchy if:
Ve > 0,3In € ksuchthatm,n > k = d(x,,, x,,) < €.

e Example: The real numbers R with the Euclidean metric are complete.

e The space Q (rationals) is not complete since sequences like x,, = (1 4+ 1/n)
converge to an irrational number not in Q.

e Application: Completeness is essential in functional analysis and Banach spaces.

14




2, Compactness

A subset S of a metric space (X, d) is compact if every open cover has a finite
subcover. Equivalent conditions for compactness:

e Every sequence in S has a convergent subsequence (Sequential Compactness).

e S isbounded and closed (Heine-Borel Theorem, only in R™.

e Application: Compactness is crucial in optimization and theoretical physics
(e.g., compact manifolds in relativity).

3. Connectedness

A metric space is connected if it is not the union of two disjoint nonempty open
sets.

e A space is path-connected if any two points can be connected by a continuous
path.

e Example: The interval [0,1] is connected, but (0,1) U (2,3) is disconnected.
Application: Used in graph theory, circuit design, and network topology.

[3-4] Conclusion:

Metric topology provides a bridge between pure mathematics and applied
sciences. By studying properties like completeness, compactness, and connectedness,
we gain insights into geometry, physics, computer science, and engineering. This
chapter illustrates how mathematical abstraction plays a critical role in solving real-
world problems.
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