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 بِسْمِ اللهِ الزَّحَمَهِ الزَّحيِمِ

 

 رَّبِّكَ مِه الْحَقُّ أَوَّهُ الْعِلْمَ أُوتُىا الَّذِيهَ وَلِيَعْلَمَ))

 لَهَادِ اللَّهَ وَإِنَّ  قُلُىبُهُمْ لَهُ فَتُخْبِتَ بِهِ فَيُؤْمِنُىا

 ((مُّسْتَقِيمٍ صِزَاطٍ إِلَىٰ آمَنُىا الَّذِيهَ

 

 صذق الله العلي العظيم

 

 
 54الحج أية سورة 

 



 الإْذاء 
بٍ الحقٍ ا الحجت الإيطو إلى ٔعذلا  قسطاً  الأسض سًٍلأ ظٕٓسِ يٍ إلى

 ..(عجم الله فشجّ)

  انفضم لهى كطٌ يٍ كم الى
يّ
 سطًْٕا انزٌٍ سبً بعذ يٍ عهً

 ..بطنُجطح تخخى ٔحكطد ططنج انخً المقيرة ْزِ بطكًطل

 
 

 ٔالى  نهًنى ٔصٕلي ٌش ب انزي انظهٍم ٔانظم انعضٌض أبً إلى

 انصغيرة ٔفي ٔانعقش انٍقش في حلاصيًُ حبرح لم انخً انشؤٔو

 ٌٔٔانُطصخ انزخش اخٕحً ٔالى الحبٍبت أيً ٔانكبيرة
 

  ٌبخهٕا لم انزٌٍ انكشاو اسطحزحً الى
يّ
 يٍ ٔسقًَٕ عهًٓى يٍ عهً

 الارْطٌ في عطنقت حبقى ٔيبطدِئ َطفعط عهًطاً  جٓذْى عصطسة
 

 طٍبت بكهًت ٔنٕ سطْى يٍ ٔكم ٔالادبت المخهصين اصذ طئً الى
 

 لهى ايُخُطًَ عٍ حعبيرااً  انبذث ْزا  ٍعطاً  اْذٌٓى
 

 الباحثان

  



 

 انشكش ٔانخقذٌش

  في انبذاٌت انشكش لله ٔنّ الحًذ في الألى ٔالاخشة فهّ انفضم 
. كهّ في اتمطو ْزا انعًم

 

ٔاحقذو بطنشكش بعذ سب انعطلمين الى صطدبت انفضم 
 الاسخطرة المخفطٍَت ٔالحشٌصت الى انذكخٕسة

 (ْبت سبٍع بعٌُٕ)
 

ٔاًَ لاعجض عٍ شكشْط ٔايُخُطًَ لحضشحٓط فهى حقصش 
ابذا بم كطَج داعًت ٔمحفضة ٔيعسطءة فكم الأدشف حعجض 

شكشْط فهٕلاْط لم ٌكخًم ْزا انعًم عٍ 
 

ٔانشكش يٕصٕل لاسطحزحً في  قى انشٌطضٍطث فقذ كطٌ 
فضهٓى عهً كبيرااً نٕلاْى يط ٔ فج الاٌ بين اٌذٌٓى 
يهقٍط عهٍٓى ْزا انعًم ٔكهً سجطء اٌ ٌخقبهٕا يًُ ْزا 

 انٍقير
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ABSRACT 

 

  Let 𝑅 be a commutative ring with identity. This work studies a class of 

rings called weakly regular as a generalization of regular ring, , with some 

examples and properties. 
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INRODUCTION 

  Throughout, all rings are commutative with identity.  In this work, we 

will study the concepts of the weakly regular rings, which is a 

generalization of regular rings. This research has two chapters:  

  In chapter one, we recall some properties about the rings. 

 In chapter two, study the weakly regular rings with examples and 

properties. 



 
 

 

 

 

 

 

 

 

 

CHAPTER ONE 

(BACK GROUND on RINGS) 
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Chapter one: Back ground on rings 

   In this chapter we will recall the definition of rings and ideals with some 

examples and properties. See [1]. 

Definition (1.1): A ring is an ordered triple (𝑅 , +,⋅) consisting a nonempty 

set 𝑅 with two binary operations + and ⋅ defined on 𝑅 such that 

1)  𝑅, +  is a commutative group, 

2)  𝑅,⋅  is a semigroup, and 

3) The operation ⋅ is distributive over the operation +. 

 

Definition (1.2):  

1) A commutative ring is a ring (𝑅 , +,⋅) in which multiplication is a 

commutative operation, 𝑎 ⋅ 𝑏 = 𝑏 ⋅ 𝑎 for all 𝑎, 𝑏 ∈ 𝑅. 

2) A ring with identity is a ring (𝑅 , +,⋅)  in which there exists an 

identity element for the operation of multiplication, normally 

represented by the symbol 1, so that 𝑎 ⋅ 1 = 1 ⋅ 𝑎 = 𝑎 for all 𝑎 ∈ 𝑅. 

 

Example (1.3): The mathematical system (ℤ , +,⋅)  is a a commutative ring 

with identity 1 , since  

1) (ℤ , +)  is a commutative group , 

2) (ℤ ,⋅)  is a semigroup, and 

3) ∀𝑎, 𝑏, 𝑐 ∈ ℤ    𝑎 . (𝑏 +  𝑐)  =  (𝑎 . 𝑏)  + (𝑎 . 𝑐) 

And (𝑏 +  𝑐) . 𝑎 =  (𝑏 . 𝑎)  + (𝑐 . 𝑎) 

4) The multiplication is a commutative operation with identity 1. 
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Definition (1.4): 

Let (𝑅 , +,⋅) be a ring and let Ø ≠  𝐼 ⊆ 𝑅, then (𝐼 , +,⋅) is called an ideal of 

(𝑅 , +,⋅) if and only if 

1) 𝑎 − 𝑏 ∈  𝐼, ∀𝑎, 𝑏 ∈ 𝐼, 

2) ∀𝑟 ∈ 𝑅 and ∀ 𝑎 ∈ 𝐼 then 𝑎𝑟 ∈ 𝐼 and 𝑟𝑎 ∈ 𝐼. 

 

 If 𝑎𝑟 ∈ 𝐼 for all 𝑟 ∈ 𝑅, 𝑎 ∈ 𝐼 then 𝐼 is called right ideal. 

  If 𝑟𝑎 ∈ 𝐼 for all 𝑟 ∈ 𝑅 , 𝑎 ∈ 𝐼 then 𝐼 is called left ideal. 

 If 𝐼 is both right and left ideal then 𝐼 is called two sided ideal or 

simply ideal. 

Example(1.5): The set of all even integer number (ℤ𝑒  , +,⋅)  is an ideal of 

the ring (ℤ , +,⋅). 

 

Definition (1.6): Let (𝐼 , +,⋅) and (𝐼 , +,⋅)  be ideals of the ring (𝑅 , +,⋅). 

Then 𝐼 ⋅ 𝐽 = { 𝑎𝑖𝑏𝑖|𝑎𝑖 ∈ 𝐼 𝑎𝑛𝑑 𝑏𝑖 ∈ 𝐽} 𝑛
𝑖=1 is also ideal of the ring (𝑅 , +,⋅). 

 

Definition (1.7):  

An ideal (𝐼 , +,⋅) of the ring (𝑅 , +,⋅) that generated by a single element 

𝑎 ∈ 𝑅  is called principal ideal, we denoted by  𝑎  or 𝑅𝑎  and 𝑎𝑅  which 

defined by 𝐼 =   𝑎  = {𝑟. 𝑎: 𝑟 ∈  𝑅} = 𝑅𝑎. 

Example (1.8): In the ring  ℤ6 , +6 , . 6  , the all ideals of this ring are 

principal:  0  =  0  ,  1  = ℤ6,  2  =  0 , 2 , 4   and  3  =  0 , 3  . 
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Definition (1.9): A ring (𝑅 , +,⋅) is said to have zero divisors,  if there 

exists nonzero elements 𝑎, 𝑏 ∈ 𝑅,  such that 𝑎𝑏 = 0. 

Examples (1.10) : 

1) The rings  (ℤ , + ,⋅ ) , (ℚ , + ,⋅) , (ℚ , +,⋅) , (ℂ , +,⋅)  which does not 

have zero divisors. 

2) The ring  ℤ6 , +6 , . 6  , has zero divisor since 2 ≠ 0  and 3 ≠ 0  but 

2 ⋅ 3 = 0 .  

 

Definition (1.11): An integral domain is a commutative ring with identity 

which does not have divisors of zero. 

Example (1.12): The rings  (ℤ , + ,⋅ ) , (ℚ , + ,⋅) , (ℝ , +,⋅) , (ℂ , +,⋅)  are 

integral domains. 

 

Definition(1.13) : Let (𝑅, +,⋅  ) be a ring and (𝐼, +,⋅ ) be an ideal of 𝑅 . 

Then the set 
𝑅

𝐼
= {𝑟 + 𝐼|𝑟 ∈ 𝑅} with the following operation 

 𝑎 + 𝐼 +  𝑏 + 𝐼 = 𝑎𝑏 + 𝐼  

and 

 𝑎 + 𝐼 ⋅  𝑏 + 𝐼 = 𝑎𝑏 + 𝐼 

Be a ring which called quotient ring. 
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Definition(1.14) :  

A non zero ideal (𝐼, +,⋅ ) of a ring (𝑅, +,⋅  ) is called Maximal ideal. If 

𝐼 ≠  𝑅 and there exists no proper ideal of a ring 𝑅 containing 𝐼, i.e. I is a 

maximal ideal of 𝑅 if 𝐼 ≠ 𝑅, and if there exists an ideal (𝐽, +, . ) in 𝑅 with  

𝐼 ⊂ 𝐽 ⊆ 𝑅, then 𝐽 = 𝑅. 

 

Example (1.15): In the ring  ℤ12  , +12  , .12   the following ideals are proper 

1) I1  =  2   =  ({0 , 2 , 4 , 6 , 8 , 10     }, +12  , .  12 ). 

2) I2 =  3  = ({0 , 3 , 6 , 9 }, +12 , . 12 ). 

3) I3 =   4   =  ({0 , 4 , 8 }, +12  , . 12 ). 

4) I4 =   6   =  ({0 , 6 }, +12  , . 12 ) 

I1 and I₂  are maximal ideals in a ring ℤ12 , since there is no a proper ideals 

of a ring ℤ12  containing I1and I₂.  

But  I3 is not maximal ideal in  ℤ12 , since   4   ⊂  2   and I4 = is not 

maximal ideal in ℤ12 , since  6  ⊂  2  . 

 

Definition(1.16): 

A Boolean ring (𝑅, +, . ) is a ring with identity and every element in 

a ring 𝑅 is an idempotent element, That is 𝑎² =  𝑎 , ∀𝑎 ∈ 𝑅. 

Example (1.17): A ring  ℤ2, +2,⋅2  is a Boolean, since ℤ2 = {0 , 1 }  

0 2 = 0  and 1 2 = 1 . 
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Definition  (1.18):  A ring  (𝐹, +, . )  is said to be field if and only if  

(𝐹, +, . )  is a commutative ring with identity and every a non zero element  

𝑎 ∈ 𝐹 is invertible element. 

Example (1.19): The rings  (ℚ , + ,⋅) , (ℝ , +,⋅) , (ℂ , +,⋅) are filed. 

 

 

Definition (1.20): A ring (R, +, . ) is called directly decomposable if R = 0 

or there is a proper ideal 𝐼 of 𝑅 such that 𝐼 + 𝐽 = 𝑅 and 𝐼 ∩ 𝐽 = {0} for 

some ideal 𝐽 of 𝑅. 
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Chapter Two: Weakly Regular Ring 

  

  In this chapter, we will recall the concept of the weakly regular rings 

with some properties.  See [2] and [3].    

Definition(2.1):  

 A ring 𝑅 is called left weakly regular, if 𝐵2 = 𝐵 for each  

left ideal  𝐵 of 𝑅. 

 A ring 𝑅 is called right weakly regular, if 𝐵2 = 𝐵 for each  

right ideal  𝐵 of 𝑅. 

 A ring 𝑅 is called weakly regular, if 𝐵2 = 𝐵 for each  ideal  

𝐵 of 𝑅. 

 

Examples and Remarks (2.2): 

1) Every regular ring is weakly regular ring. 

Proof: Let 𝑅 be a regular ring and 𝐼 be an ideal of 𝑅. Then 

𝐼𝐼 ⊆ 𝐼 , let 𝑎 ∈ 𝐼 ⊆ 𝑅 , so there exists 𝑏 ∈ 𝑅  such that 

𝑎 = 𝑎𝑏𝑎. Since 𝐼 is an ideal, hence 𝑎𝑏 ∈ 𝐼 and 𝑎𝑏𝑎 ∈ 𝐼𝐼. 

So 𝑎 ∈ 𝐼𝐼 and 𝐼 ⊆ 𝐼𝐼. Thus, 𝐼𝐼 = 𝐼 and 𝑅 is weakly regular 

ring. 

2) The weakly regular ring need not to be regular in general. 

For example, let 𝑅 =   
𝑎 𝑏
0 𝑐

 | 𝑎, 𝑏, 𝑐 ∈ ℝ  is weakly 

regular ring but not regular. For each 𝐴 =  
𝑎 𝑏
0 𝑐

 , there 

exists 𝑋 =  
𝑎−1 𝑏−2𝑎𝑏 𝑐−1

𝑎2

0 𝑐−1
 ∈ 𝑅  such that 𝐴2𝑋 = 𝐴 ∈

𝐴𝑅𝐴𝑅.  
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3) The ring (ℤ2, +2, .2 ) is weakly regular, since the all ideals 

of  ℤ2  are:  0   and ℤ2 =  0 , 1   with  0   0  =  0  =  0  , 

ℤ2ℤ2 = ℤ2 . In general, (ℤ𝑛 , +𝑛 , .𝑛 )  is always weakly 

regular ring when n is a prime number. 

4) The ring  ℤ, +, .   is not weakly regular, since the ideal 

 2  2 =  4 ≠  2 . 

 

 

Proposition(2.3): The following conditions are equivalent for 

any ring 𝑅 

a) 𝑅 is right weakly regular.  

b)   For every 𝑟 ∈  𝑅 , 𝑟 ∈  (𝑟𝑅)2 

c) For any two right ideals 𝐾1 ⊆ 𝐾2 , of 𝑅 , 𝐾1𝐾2 = 𝐾1. 

 

Proof:  

 𝒂 ⟹  𝒃  Let ∈ 𝑅  and 𝐾  be the right ideal generated by 𝑟 . 

Then 𝑟 ∈ 𝐾 = 𝐾2, 𝐾 =  𝑟𝑅 . Therefore, 𝑟 ∈ (𝑟𝑅)2. 

    𝒃 ⟹  𝒄   Taking 𝑟 ∈ 𝐾1 we have  𝑟 ∈ (𝑟𝑅)2 ⊆ 𝐾1𝐾2  . Hence 

𝐾1  ⊆ 𝐾1𝐾2  . Since 𝐾1  is right ideal, so 𝐾1𝐾2  ⊆  𝐾1 . Therefore, 

𝐾1𝐾2 = 𝐾1. 

    𝒃 ⟹  𝒄  Let 𝐼 be a right ideal. So 𝐼 ⊆ 𝐼 and 𝐼𝐼 =𝐼. Thus, 𝑅 is 

right weakly regular. 

 

 

Proposition(2.4): If 𝐴 is proper two sided ideal of a right 

weakly regular ring 𝑅, then each element of 𝐴 is left zero 

divisor . 
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Proof: If the element 𝑥  of 𝐴  is not a left zero divisor, then 𝑥  is 

invertible and  

equation 𝑥𝑅 =  𝑥𝑅𝑥𝑅 yields. 𝑅 =  𝑅𝑥𝑅 ⊆  𝐴 which is a contradiction. 

 

 

 

Proposition(2.5): The centre of any right weakly regular ring is 

regular. 

Proof: If 𝑥 ∈ 𝐶, the centre of the right weakly regular ring 𝑅, then 𝑥 ∈ 

(𝑥𝑅)2⊆ 𝑥2𝑅 implies immediately that 𝑥 =  𝑥(𝑥𝑘y)𝑥 with y ∈ 𝑅 and k 

≥  1. Moreover for every 𝑧  ∈ 𝑅  , 𝑧 ( 𝑥k y) = 𝑥𝑘−1 (xz) 𝑦  = 𝑥𝑘−1 

( xk+1𝑦𝑥)𝑧𝑦  = 𝑥k−1𝑦𝑧 ( 𝑥𝑘+1𝑦𝑥) = 𝑥𝑘−1y zx = (𝑥k𝑦)𝑧 , that mean 

𝑥ky∈ 𝐶. 

 

 

 

 

 

 

 

 

Remark (2.6) [3]: If 𝑅  is a ring with identity, then the following 

conditions are equivalent: 

 

a) 𝑅 is right weakly regular. 

b) If 𝐼 is a right ideal and 𝐾 is a two sided ideal of 𝑅 then 𝐼 ∩ 𝐾 =
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𝐼𝐾. 

c) If  𝐼  and 𝐽  are two right ideals of  𝑅 , then ∩ 𝐽 = 𝐼𝐽
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