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ABSRACT

Let R be a commutative ring with identity. This work studies a class of
rings called weakly regular as a generalization of regular ring, , with some

examples and properties.




INRODUCTION

Throughout, all rings are commutative with identity. In this work, we

will study the concepts of the weakly regular rings, which is a

generalization of regular rings. This research has two chapters:
In chapter one, we recall some properties about the rings.

In chapter two, study the weakly regular rings with examples and

properties.




CHAPTER ONE

(BACK GROUND on RINGS)




Chapter one: Back ground on rings

In this chapter we will recall the definition of rings and ideals with some

examples and properties. See [1].

Definition (1.1): A ring is an ordered triple (R , +,-) consisting a nonempty

set R with two binary operations + and - defined on R such that

1) (R, +) is a commutative group,
2) (R,") is a semigroup, and

3) The operation - is distributive over the operation +.

Definition (1.2):

1) A commutative ring is a ring (R, +,") in which multiplication is a
commutative operation,a-b =b -aforalla,b € R.

2) A ring with identity is a ring (R,+,") in which there exists an
identity element for the operation of multiplication, normally

represented by the symbol 1,sothata-1=1-a =aforall a € R.

Example (1.3): The mathematical system (Z, +,-) is a a commutative ring

with identity 1, since

1) (Z,+) isacommutative group,
2) (Z,-) isasemigroup, and
3) Va,b,c€Z a.(b + c) = (a.b) + (a.c)

And (b + ¢).a = (b.a) + (c.a)

4) The multiplication is a commutative operation with identity 1.




Definition (1.4):

Let (R,+,) bearingandlet@d + I € R, then (I,+,") is called an ideal of

(R,+,") ifand only if

1) a—b € ILVa,b €,
2) Vr e RandVa€lthenar elandra € 1.

o Ifarelforallr € R,a € Ithen I is called right ideal.

o Ifra elforallr € R,a €1thenliscalled left ideal.

e [f I isboth right and left ideal then I is called two sided ideal or
simply ideal.

Example(1.5): The set of all even integer number (Z, ,+,-) is an ideal of

the ring (Z, +,").

Definition (1.6): Let (I ,+,") and (I, +,-) be ideals of the ring (R, +,").
ThenI -] ={}",a;b;|a; € and b; € J}is also ideal of the ring (R, +,-).

Definition (1.7):

An ideal (I,+,") of the ring (R, +,-) that generated by a single element
a € R is called principal ideal, we denoted by (a) or Ra and aR which
definedby I = (a) ={r.a:r € R} = Ra.

Example (1.8): Inthe ring (Z¢ , +¢ ,.4 ), the all ideals of this ring are
principal: (0) = {0}, (1) = Z,, (2) = {0, 2,4} and (3) = {0, 3}.




Definition (1.9): Aring (R, +,-) is said to have zero divisors, if there

exists nonzero elements a,b € R, such that ab = 0.

Examples (1.10) :

1) The rings (Z,+,),(@Q,+,),(Q,+,),(C,+,) which does not
have zero divisors.
2) The ring (Zg ,+¢,.¢), has zero divisor since 2 # 0 and 3 # 0 but

2-3=0.

Definition (1.11): An integral domain is a commutative ring with identity

which does not have divisors of zero.

Example (1.12): The rings (Z,+,),(Q,+,),(R,+,),(C,+,) are

integral domains.

Definition(1.13) : Let (R,+,- ) be a ring and (I,+,-) be an ideal of R.

Then the set? = {r + I|r € R} with the following operation

(@a+DH+ B+ =ab+1
and
(a+D)-(b+1)=ab+1

Be a ring which called quotient ring.




Definition(1.14) :

A non zero ideal (I,+,-) of a ring (R,+,- ) is called Maximal ideal. If
I # R and there exists no proper ideal of a ring R containing I, i.e. | is a
maximal ideal of R if I # R, and if there exists an ideal (J,+,.) in R with
I c]J SR,then] =R.

Example (1.15): In the ring (Z, , +12 , .12 ) the following ideals are proper

2) I, = (3) = ({0,3,6,9}, +12,.1, ).

3) I3 = <Zl'> = ({0,4‘,8},+12 "12)'

4) 1, = (6) = ({6' 8};'|'12 )e12)

I; and I, are maximal ideals in a ring Z,,, since there is no a proper ideals

of aring Z,, containing I;and I,.

But I is not maximal ideal in Z,,, since (4) c (2) and I, = is not

maximal ideal in Z,,, since (6) c (2).

Definition(1.16):

A Boolean ring (R, +,.) is a ring with identity and every element in
aring R is an idempotent element, That is a> = a, Va € R.

Example (1.17): A ring (Z,, +,,-,) is a Boolean, since Z, = {0, 1}

02=0and 1% =1.




Definition (1.18): A ring (F,+,.) is said to be field if and only if

(F,+,.) is acommutative ring with identity and every a non zero element

a € F is invertible element.

Example (1.19): Therings (Q,+,),(R,+,"),(C,+,") are filed.

Definition (1.20): Aring (R, +,.) is called directly decomposable if R = 0
or there is a proper ideal I of R suchthat/ +J = Rand I nJ = {0} for

some ideal J of R.
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Chapter Two: Weakly Regular Ring

In this chapter, we will recall the concept of the weakly regular rings

with some properties. See [2] and [3].

Definition(2.1):

e A ring R is called left weakly regular, if B> = B for each
left ideal B of R.

e Arring R is called right weakly regular, if B> = B for each
right ideal B of R.

e Aring R is called weakly regular, if B> = B for each ideal

B of R.

Examples and Remarks (2.2):

1) Every regular ring is weakly regular ring.
Proof: Let R be a regular ring and I be an ideal of R. Then
I1S1, letael € R, so there exists b € R such that
a = aba. Since [ is an ideal, hence ab € I and aba € II.
Soa€ellandI € II. Thus, II =1 and R is weakly regular
ring.

The weakly regular ring need not to be regular in general.

For example, let R ={[g €]|a,b,ce R} is weakly

regular ring but not regular. For each A = [g IZ] there

-1 b—2abc~!

exists X = [a a2 ] € R such that A2X =AE€
0 -1

ARAR.




3) The ring (Z,, +,,., ) is weakly regular, since the all ideals
of Z, are: (0) and Z, = {0,1} with (0){0) = (0) = {0},
Z,Z, =7, . In general, (Z,,+,,.n) is always weakly
regular ring when n is a prime number.

4) The ring (Z,+,.) is not weakly regular, since the ideal

(2)(2) = (4) # (2).

Proposition(2.3): The following conditions are equivalent for
any ring R

a) R is right weakly regular.

b) Foreveryr € R,r € (rR)?

c) Forany two rightideals K; € K, ,of R, K1K; = K;.

Proof:
(a) = (b) Let € R and K be the right ideal generated by r.
Thenr € K = K%, K = rR.Therefore, r € (rR)%.

(b) = (c¢) Taking r € K; we have r € (rR)? € K, K, . Hence
K; € K;K, . Since K; is right ideal, so K;K, S K;. Therefore,
KK, = K.

(b) = (c) LetIbe arightideal. Sol € IandII=I.Thus, R is

right weakly regular.

Proposition(2.4): If A is proper two sided ideal of a right
weakly regular ring R, then each element of A is left zero

divisor .




Proof: If the element x of 4 is not a left zero divisor, then x is

invertible and

equation xR = xRxR yields. R = RxR < A which is a contradiction.

Proposition(2.5): The centre of any right weakly regular ring is
regular.

Proof: If x € C, the centre of the right weakly regular ring R, then x €
(xR)?<S x?R implies immediately that x = x(x*y)x with y € R and k

> 1. Moreover for every z € R, z(xXy) = x* 1 (x2) y = x¥1
(Xk+1

yx)zy = x5 lyz (x*lyx) = x*¥1y(zx) = (xXy)z, that mean

xkye C.

Remark (2.6) [3]: If R is a ring with identity, then the following
conditions are equivalent:

a) R is right weakly regular.
b) If I'is a right ideal and K is a two sided ideal of RthenI N K =




IK.
c)If [ and J are two right ideals of R, then NnJ=1]
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