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ABSRACT

Let M be a right module with identity over a commutative ring R
with identity. This work studies a class of submodules called stable,

with some examples and properties.




INRODUCTION

Throughout, all rings are associative with identity, and modules are

rings unitary. In this work, we will study the concepts of the pure

submodule and the purely small submodule.

This research has two chapters:
In chapter one, we recall some properties about the module.

In chapter two, study the stable submodule with examples and

properties.




CHAPTER ONE

(BACKGROUND on

MODULES)




Chapter One : Background on Modules

In this chapter we will recall the definition of modules with some

examples and properties. For more details, see[4].

Definition (1.1): A ring is an ordered triple (R,+,") consisting a

nonempty set R with two binary operations + and - defined on R such
that

1) (R, +) is a commutative group,
2) (R,-) is a semigroup, and

3) The operation - is distributive over the operation +.

Definition (1.2):

1) A commutative ring is a ring (R, +,-) in which multiplication is a
commutative operation,a-b =b-aforalla,b € R.

2) A ring with identity is a ring (R, +,-) in which there exists an
identity element for the operation of multiplication, normally
represented by the symbol 1, so that a-1=1-a = a for all
a €R.

Example (1.3): The mathematical system (Z, +,-) is a a commutative

ring with identity 1 , since

1) (Z,+) is acommutative group,
2) (Z,") isasemigroup, and
3) Va,b,c€Z a.(b +c) = (a.b) + (a.c)

And (b + ¢).a = (b.a) + (c.a)
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4) The multiplication is a commutative operation with identity.

Definition (1.4):

Let (R,+,) bearingandlet@d + I € R, then (I,+,") is called an ideal
of (R,+,”) ifand only if

1) a—b € I,Va,b €l
2) Vr e RandVa€lthenar elandra € 1.

o Ifarelforallr € R,a € Ithen I is called right ideal.

o Ifra elforallr € R,a €1thenliscalled left ideal.

e [f I isboth right and left ideal then I is called two sided ideal or
simply ideal.

Example(1.5): The set of all even integer number (Z, ,+,") is an ideal

of thering (Z, +,").

Definition(1.6) : Let (R,+,- ) be aring and (I,+,-) be an ideal of R.

Then the set? = {r + I|r € R} with the following operation

(a+D+B+D=(a+b)+]I
and
(a+D)-(b+1)=ab+1

Be a ring which called quotient ring.




Definition(1.7) :

A non zero ideal (I,+,-) of aring (R,+,- ) is called Maximal ideal. If
I # R and there exists no proper ideal of a ring R containing I, i.e. | is a
maximal ideal of R if I # R, and if there exists an ideal (J,+,.) in R
with I € J € R,then] =R.

Example (1.8): In the ring (Z1, , +12 , .12 ) the following ideals are

proper

1) Il -
2) I, = (3) = ({0,3,6,9}, +12,.1, ).

3) I3 = (4) = ({0,4,8},+12,.12)-

4) 1, = (6) = ({6» é},+12 )12 )

[; and I, are maximal ideals in a ring Z;,, since there is no a proper

ideals of a ring Z;, containing I;and I5.

But I5is not maximal ideal inZ,,,since(4) c(2)and I, =is not

maximal ideal in Z,,, since (6) c (2).

Definition (1.9): A ring (F,+,.) is said to be field if and only if

(F,+,.) is a commutative ring with identity and every a non zero

element a € F is invertible element.

Example (1.10): Therings (Q,+,),(R,+,"),(C,+,) are filed.




Definition(1.11): Let R be a ring. A right R-module M is

(I) an additive abelian group M together with
(1) a mapping

M X R —-> M with (m,r) -» mr.
Called module multiplication , for which we have

1- Associative law: (mry)r, = m(rry).

2- Distributive  laws:  (my + my)r = myr + myr, m(ry + 1) =
mry + mry.

3- Unitary law: m1 =m

Foreachm,m; and m, € M and r,r; and r, € R.

Example (1.12): The set of real numbers R isa Q-module.

Solution:
(i)(R, +) is an abelian group ,
(ii)(Q, +," ) be a ring with identity 1,

Then, there is a mapping f:Q X R - R, such that f((r,m)) =r.m,
V(r,m) € QxR and f satisfy the following condition: Vr, 1,1, €

Q and V¥V m,m{,m, € R then

- f((n+rm)) = +n)m=r.m+rm

2- f((rrmy+my))=r.(my +my) =r.my; +r.m,.

3- f((rl.rz,m)) = (r.1n).m=r.(rp,.m)

4- If 1is the identity element of aring Q ,then1.m = m,vm € R.




Definition (1.13): Let M be a right R-module . A subset A of M is called

a submodule of M , notationally A < M (or also Ap < Mp) if A is a right

R-module with respect to the restriction of the addition and module

multiplication of M to A.

Lemma (1.14): Let M be a right R-module . If A4 is a subset of M and

A # @ then the following are equivalent:

1) A< M.

2) A is a subgroup of the additive group of M and for all a € A and all
r € R we have that ar € A (where ar is the module multiplication
in M).

3) Forall a;,a, € A, a; + a, € A( with respect to addition in M) and

forall a € A and all r € R we have ar € A.

Example(1.15): Q is submodule of R as a Z-module since @ # Q <
R and

1) a+beQVab €Q.
2) Tra€EQ,VreEZandVa€eQQ.

Definition (1.16): Let A = {A4, ....., A, } be a set of submodules 4; < M,

then every element from }7_; A; can be wtitten in the from

n

z a; witha; € A;
jEl

the missing summands a; can be added as a; = 0. Generally it should be




emphasized that the representation );c; a; of the elements of the sum

neednot be unique.

Lemma (1.17): Let I" be a set of submodules of a module M , then

NA:={meA|lVAET}
A€er

Is a submodule of M.

Definition (1.18): M is called the internal direct sum of the set {B;|i € I}

of submodules B; < M , in symbols:

(DM =Yier B A
M =®ic; Bi: = )(2) Vj € I[B; N Yier B; = 0]
i#j
M =@,¢; B; is also said to be a direct decomposition of M into the sum
of the submodules {B;|i € I}.

In the case of a finite index set , say I = {1, ...,n} M is also written as
M=B®.. ®B,.

Definition (1.19): Let I' = {M,};¢;, Where M; is an R-module for each

iel. then the direct sum of all M, IS

(1) Yier M; A
Dies Miz = 1(2) vj € I[M; N Ties M; = 0]
i#
Definition (1.20): A submodule B < M is called a direct summand of

M if and only if there exists C < M such that M = B@C.

Example(1.21): In the Z-module Z, the submodule (2) = {0,2,4} is a

direct summand of Zg, since there is a submodule (3) = {0, 3}. Such that
(Z) + (3) = Z and (Z) n (3) = {0}




Definition (1.22): Let M be an R-module and let my € M. Then (m,)

myR = {myr|r € R} is a submodule of M which is called the cyclic
submodule of M generated by m,. A module M is called cyclic if there is

my € M such that M = myR.

Example(1.23): All the submodules of the Z-module Z¢ are cyclic,

Definition (1.24): A module M # 0 is called directly indecomposable if

and only if 0 and M are the only direct summands of M.

Example(1.25): In the Z-module Z,, the all submodules are: (0), (2) and

Z,. The only direct summands of Z, are: (0) and Z,. So Z, is

indecomposable module.

Lemma_ (1.26): (modular law) Let A,B,C <M and B <C. Then
A+B)NnC=ANC)+(BNC)=(ANnC)+B.

Definition(1.27): Let A and B be both right R-module. A homomorphism

f:A — B is a mapping which satisfies:
Ya;,a, EAV 1,y ER, f(air, + ayry) = f(a)r + f(a)r,.

Definition (1.28): A homomorphism f: A — By is called

endomorphism of A if and only if A = B;
a monomorphism if and only if f is one to one;

an epimorphism if and only if f is onto;




an isomorphism if and only if f is onto and one to one.

Definition (1.29): Let f: A, — By be a homomorphism with U < A,
V<B. Then f(U):{f(w)|u€eU}<B and f~1(V)={a€A|f(a)E
V} <A

Definition (1.30) : Let f: A, — By be a homomorphism. Then Ker f =
f71(0) = {a€ Alf(a) = 0}.

Example(1.31): Let Z be an 2Z-module a function f:Z — Z where

f(a) = 3a for each a € Z is an 2Z-module homomorphism, let .r € 27Z

then we get

1- f(a+b)=3(a+b) =3a+3b="1(a) + f(b)
2- f (ar) = 3(ar) = Ba)r =f(a)r
kernel (f) = {0}, Im (f) =3Z

Also, we can show that f is monomorphism

let a, b € Z where f(a)=f(b) then 3a = 3b consequently a = b. so f is

injective .

Definition (1.32)): A submodule A of a module M is called small

(superfluous) in M if whenever A+ U = M then U = M for each U < M.
Which denoted by ( A < M).




Example (1.33): In Z, as Z-module, the all submodules are: Z, = (1) =
{0,1,2,3}, (0) = 0Z¢ = {0} and (2) =2 Z = {0,1}. (2) is small in Z,,

Since the only case that we have is (2) + Z, = Z,.

Definition (1.34) : A submodule K of an R-module Mis called essential

If K has non zero intersection with every non zero submodule . Denoted
by (K <, M).

leeIfKNA+0 VA<M, 6A#0,thenK <, M.

Example (1.35): In Z, as Z-module, the all submodules are:
7,={0,1,2,3},(0) = {0} and (2) = {0,2}.(2) is essential submodule of
Z, since (2) N Z, = (2).

Definition (1.36): The Jacobson radical of a module M is the sum of all
small submodule of M. Denoted by Rad(M).

Rad(M) = Z{L < M|L is smallin M }




CHAPTER TWO

STABLE SUBMODULES




Chapter Two : Stable Submodules

In this chapter, we will recall the concept of the stable submodules with

some properties. See [1].

Definition(2.1): Let M be an R-module. A submodule Nof M is said to be
stable. If f(N) < N for each R-homomorphism f: N - M.

Example and Remark(2.2):

1) The trivial submodules are always stable, since for each module M
and each R-homomorphism f:M - M, f(M) € M. Also for the
zero submodule {0} for each R-homomorphism f:{0} - M,
f{0}) = {0} < {0}.

Every module M has at least two stable submodules are: {0} and
M.

In Z as Z-module, the submodule (2) = {0,+2, +4, 16, ... }is not
stable since there exists a homomorphism f: (2) — Z, which define
by f(2x) = 3x for each x € Z, f is well defined since if x;,x, €
Z such that 2x; = 2x;,. So X1 = X, and 3x; = 3x5.
Hence, f(2x;) = f(2x,). Also, f is a homomorphism. f(2x; +
2x3) = (2001 + %)) = 3(x1 +x2) = 3x; + 3%, = f(xy) +
f(xy). And f((2x)r) = f(2(xr)) = 3(xr) = f(x) -r, for each
X1, %2, 7 € Z, but f(2Z) € 2Zsince f(2) = 3 ¢ 2Z.

The direct sum of stable submodules need not to be stable. For
example the ring R as an R-module and {0} are stable submodules
but {0} R is not stable submodule in R@ R. Since there exists an
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R-homomorphism f: {0}® R - RA R which define by
f£((0,7)=(r0). So f((0,1))=(10)¢{0}®R. Hence, f
({0}® R) £ {0}® R.

Now, we will study the properties of the stable submodule.

Proposition (2.3):

The sum of any family of stable submodules is stable.

Proof: Let{A;,A,,...,A,} be a family of stable submodules of an R-
module M and let f: X" ; A; = M be an R-homomorphism. We know
that 1A ={ag+ay+-+a,la; €Ay, ...,a, €EA,}. Let xE€
fQL4;). Then x = f(a; + a; + -+ a,) for some a; € Ay, ...,a, €
A
f(ay) + -+ f(a,). There exists the inclusion homomorphism for each
A; (iI=1,2,.,n), since A; S Y71 A; | i1t AL = Xim 4, Ay = Y A,

since f is homomorphism x = f(a; +a, + -+ a,) = f(ay) +

ni

cees in:An - Z?=1 Ai which define as. il (al) = a4, iz (az) =

a,,..,ip(a,) = a,.Then there exists a homomorphisms i; o f: Ay = M,
iyofiAy > M, .. i,°of:A,—->M, A, A,, ..., A, are stable
submodules. So i; o f (A1) € Ay with ijof (a;) =f(a;) €Ay, iy0
f(Ay) € A; with iy o f (ay) =f (az) €Ay,..., iyof (ay) =f(ay) €
A,. Hence f(ay)+ f(ay)+ -+ f(a,) €Y 4; and x €Yl A,

Therefore, f Q=1 4;) € X1 A; and X7, A; is an stable submodule.




Proposition (2.4): The Jacobson radical of any module is a stable

submodule.

Proof: Let M be an R-module. For any R- homomorphism f: J(M) - M,
JM) =3,;B;, where B; are the small submodules of M. Then
F(IM)) = f(:B) =X f(B;), by lemma (1.9) in [1] (homomorphic
image of small submodule is small) and the sum of the small submodules
is small. So f(B;) is small submodule of M ,Vi and ), f(B;) is small
submodule of M. Hence, f(J(M))=X;f(B;) < J(M). Therefore,
J(M) is a stable submodule of M.

Goldie[2] and Wong[3], defined the closure submodule. Let N be a

submodule of a module M.

Then cl(N) = {m € M|mI < N for some essential ideal I of R}.
Clearly, N € cl(N).

Proposition (2.5): If N is a stable submodule of the module M , then
cl(N) is a stable submodule of M.

Proof: For each R-homomorphism f:cl(N) - M and y € f(cl(N)).

then there exists m € cl(N) such that y = f(m) , then mI € N for some
essential ideal I of R. Hence f(m)I = f(mlI) < f(N). Since N < cl(N)
and N is stable then f(N) € N. So f(m)I < N. Thus, f(m) € cl(N) and

f(cl(N)) c cl(N).
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