
Partial Differential Equations in Applied Mathematics 7 (2023) 100513

H
V
A
a

b

A

K
H
V
P

1

t
t
d
o
M
p
R
o
v
m
p
m
c
t
d
s
a
(
m
a
p
p
m

h
R

2
(

Contents lists available at ScienceDirect

Partial Differential Equations in Applied Mathematics

journal homepage: www.elsevier.com/locate/padiff

omotopy perturbation method for solving time-fractional nonlinear
ariable-Order Delay Partial Differential Equations
dnan K. Farhood a,∗, Osama H. Mohammed b

Department of Mathematics, College of Science, University of Basrah, Basrah, Iraq
Department of Mathematics and Computer Applications, College of Science, Al-Nahrain University, Iraq

R T I C L E I N F O

eywords:
omotopy perturbation method (HPM)
ariable-order fractional derivative
artial differential equations with delay

A B S T R A C T

The homotopy perturbation method is extend to derive the approximate solution of the variable order fractional
partial differential equations with time delay. The variable order fractional derivative is taken in the Caputo
sense. An approximation formula of the Caputo derivative of fractional variable order is presented in terms
of standard (integer order) derivatives only. Then the original problem will be transformed into a systems
of partial differential equations with delay. By employing the homotopy perturbation method the explicit
approximate solutions are found. The error and convergence analysis of the homotopy perturbation method
has been discussed for the applicability of the method. The absolute errors and the approximate solutions
are presented graphically and by tables at the values of various variable fractional order. From the results of
the illustrated examples, we can Judge that the homotopy perturbation method is very effective, and simple
accelerates the rapid convergence of the solution.
. Introduction

The number of scientific and engineering problems involving frac-
ional calculus (FC) is already very large and still growing. One of
he main advantages of the fractional calculus is that the fractional
erivatives provide an excellent approach for the description of mem-
ry and hereditary properties of various materials and processes.1–7

any of numerical methods for solving fractional order ordinary and
artial differential equations have been proposed see for instance.8–18

esearchers have found that many dynamic processes exhibit fractional
rder behavior that may vary with time or space which indicates that
ariable order calculus is a natural candidate to provide an effective
athematical framework for the description of complex dynamical
roblems.1 With the variable order calculus the non-local properties are
ore evident and numerous applications have been found in physics,

ontrol and signal processing.19,20 In 1993, Samko and Ross devoted
hemselves to investigate operators when the order 𝛼 is not constant
uring the process, but variable on time.21–23 Lorenzo and Hartley24,25

uggested the concept of a variable operator is allowed to vary either as
function of the independent variable of integration or differentiation
𝑡), or as a function of some other variable (𝑥), they also explored
ore deeply the concept of variable integration and differentiation

nd sought the relationship between the mathematical concepts and
hysical processes. In the field of (FC), the study of fractional order
artial differential equations (FPDEs) has particularly been attacked by
any authors.

∗ Corresponding author.
E-mail address: aa0177080@gmail.com (A.K. Farhood).

FPDEs are a fascinating subject they are frequently used to explain
a variety of phenomena in real-world situations including signal pro-
cessing, control theory, fluid flow,potential theory, information theory,
finance and entropy.26–29 In fact, variable order fractional partial dif-
ferential equations (VFPDEs) is a generalization of the (FPDEs) and it
is appear in many applications of physics and engineering.29–31 It is
well known that in real world problems delay is important to model
certain processes and dynamical systems.32,33 However, there are still
few works in the literature dedicated to (VFPDEs)29–31 up to the our
knowledge there has been no works on VFPDEs with proportional
delays. Therefore this encouraged us in this paper to handle and
finding the approximate solutions of the VFPDEs with proportional
delays using HPM with the aid of approximating the variable order
fractional derivative using the approach given in Ref. 34. HPM is a
semi-analytic method for finding the approximate solutions of non-
linear problems. It was suggested by He,35,36 the homotopy idea in
topology is combined with conventional perturbation approach to crate
HPM. Without linearization or discretization, (HPM) can provide both
approximate and exact solutions. The application of the (HPM) has
appeared in many papers actually during the recent years, which shows
that the method is powerful technique for studying the approximate
solutions.35–44 The following time VFPDEs with proportional delays are
taken into consideration in this study
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with the initial condition,

𝜈𝑚(𝜗, 0) = 𝑔𝑚(𝜗), (1.2)

where 𝑝𝑖, 𝑞𝑗 ∈ (0, 1) for (𝑖, 𝑗) ∈ 𝑁, 𝑔𝑚(𝜗), 𝑚 = 0, 1, 2,… are given initial
values and ϝ is the partial differential operator.

2. Preliminaries

Definition 2.1. The Riemann–Liouville variable-order fractional inte-
gral operator with order 𝑛 − 1 < 𝛿(𝜗, 𝜚) ≤ 𝑛, 𝜚 > 0 of 𝜈(𝜗, 𝜚) is defined
as45:

𝐼𝛿(𝜗,𝜚)𝜚 𝜈(𝜗, 𝜚) = 1
𝛤 (𝛿(𝜗, 𝜚)) ∫

𝜚

0
(𝜚 − 𝜌)𝛿(𝜗,𝜚)−1 𝜈(𝜗, 𝜌) 𝑑𝜌, (2.1)

where 𝜚 > 0 and 𝛤 (.) is the Gamma function.

According to Definition 2.1, variable-order fractional integration
satisfy the following property:

𝐼𝛿(𝜗,𝜚)𝜚 𝜚𝛽 =

{

𝛤 (𝛽+1)
𝛤 (𝛽+𝛿(𝜗,𝜚)+1)𝜚

𝛽+𝛿(𝜗,𝜚) , 𝛽 > −1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(2.2)

Definition 2.2. In the Caputo experience, the variable-order fractional
derivative operator of 𝜈(𝜗, 𝜚) is given as follows46:
𝐶
0 𝐷

𝛿(𝜗,𝜚)
𝜚 𝜈(𝜗, 𝜚) =𝐼𝑛−𝛿(𝜗,𝜚)𝜚 𝐷𝑛

𝜚 𝜈(𝜗, 𝜚)

= 1
𝛤 (𝑛 − 𝛿(𝜗, 𝜚)) ∫

𝜚

0
(𝜚 − 𝜌)𝑛−𝛿(𝜗,𝜚)−1

𝜕𝑛𝜈(𝜗, 𝜌)
𝜕𝜌𝑛

𝑑𝜌
(2.3)

for 𝑛 − 1 < 𝛿(𝜗, 𝜚) ≤ 𝑛, 𝜚 > 0, and 𝑛 ∈ 𝑍+, based on Eq. (2.3), we
ind the following relation:

𝐷𝛿(𝜗,𝜚)
𝜚 𝜚𝑚 =

{

𝛤 (𝑚+1)
𝛤 (𝑚−𝛿(𝜗,𝜚)+1)𝜚

𝑚−𝛿(𝜗,𝜚) , 𝑛 ≤ 𝑚 ∈ 𝑁
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

(2.4)

3. Approximation of variable order Caputo derivative

In this section, the variable order Caputo fractional derivative will
be approximated using the proposed method in Ref. 34 , which is given
in the following formula:

𝑐
0𝐷

𝛿(𝜗,𝜚)
𝜚 𝜈(𝜗, 𝜚) ≃ 𝐴𝜚1−𝛿(𝜗,𝜚) 𝜕𝜈

𝜕𝜚
(𝜗, 𝜚) + 𝛴𝑁

𝜌=1𝐵𝜌𝜚
1−𝜌−𝛿(𝜗,𝜚)𝑈𝜌(𝜗, 𝜚), (3.1)

with

𝐴 = 1
𝛤 (2 − 𝛿(𝜗, 𝜚))

[1 +
𝑁
∑

𝓁=1

𝛤 (𝛿(𝜗, 𝜚)) − 1 + 𝓁
𝛤 (𝛿(𝜗, 𝜚))𝓁!

] ,

𝜌 =
𝛤 (𝛿(𝜗, 𝜚) − 1 + 𝜌)

𝛤 (1 − 𝛿(𝜗, 𝜚))𝛤 (𝛿(𝜗, 𝜚))(𝜌 − 1)!
,

𝑈𝜌(𝜗, 𝜚) = ∫

𝜚

0
𝑠𝜌−1

𝜕𝜈(𝜗, 𝑠)
𝜕𝜚

(𝜗, 𝑠)𝑑𝑠 .

It is clear that, as 𝑁 increases, the error of the approximation de-
creases and the given approximation formula converges to the frac-
tional derivative.

4. Application of (HPM) for solving (VFPDDEs)

Consider the following VFPDDEs:

𝐶
0 𝐷

𝛿(𝜗,𝜚)
𝜚 𝜈(𝜗, 𝜚) = ϝ

(

𝜗, 𝜚, 𝜈(𝑝0𝜗, 𝑞0𝜚),
𝜕
𝜕𝜗

𝜈(𝑝1𝜗, 𝑞1𝜚),… , 𝜕𝑛

𝜕𝜗𝑛
𝜈(𝑝𝑛𝜗, 𝑞𝑛𝜚)

)

,

(4.1)

where, 𝜗, 𝜚 ∈ [0, 1] and 𝐶
0 𝐷

𝛿(𝜗,𝜚)
𝜚 is the fractional derivative of order

(𝜗, 𝜚) with respect to 𝜚, 𝑚−1 < 𝛿(𝜗, 𝜚) ≤ 𝑚,𝑚 ∈ 𝑁+, 𝑢𝑚(𝜗, 0) = 𝑔𝑚(𝜗), 𝑚 =
0, 1, 2,… , 𝑝𝑖, 𝑞𝑗 ∈ (0, 1), for 𝑖, 𝑗 ∈ 𝑁 , and ϝ the partial differential
operator.

At the beginning of our method, we will approximate the variable
order fractional derivative by substituting Eq. (3.1) into Eq. (1.1), and
2

thus the original problem (1.1)–(1.2) will turn into a system of partial
differential equations in the following form:

𝐴𝜚1−𝛿(𝜗,𝜚) 𝜕𝜈
𝜕𝜚

(𝜗, 𝜚) +
𝑁
∑

𝜌=1
𝐵𝜌𝜚

1−𝜌−𝛿(𝜗,𝜚)𝑈𝜌(𝜗, 𝜚) = ϝ(𝜗, 𝜚, 𝜈(𝑝0𝜗, 𝑞0𝜚),

𝜕𝜈
𝜕𝜗

(𝑝1𝜗, 𝑞1𝜚),…), (4.2)

nd

𝑘(𝜗, 𝜚) = ∫

𝜚

0
𝑠𝑘−1

𝜕𝜈(𝜗, 𝑠)
𝜕𝜚

(𝜗, 𝑠)𝑑𝑠 , 𝑘 = 1, 2, 3,… .

ubject to the following boundary conditions:

𝜈𝑚(𝜗, 𝜚) = 𝑔𝑚(𝜗)

𝑘(𝜗, 0) = 0, 𝑘 = 1, 2, 3,… , 𝑁.

If 𝑏(𝜗, 𝜚) = 𝐴𝜚1−𝛿(𝜗,𝜚), we get

(𝜗, 𝜚) 𝜕𝜈
𝜕𝜚

+
𝑁
∑

𝑘=1
𝐵𝑘𝜚

1−𝑘−𝛿(𝜗,𝜚)𝑈𝑘(𝜗, 𝜚) = ϝ(𝜗, 𝜚, 𝜈(𝑝0𝜗, 𝑞0𝜚),
𝜕𝜈
𝜕𝜗

(𝑝1𝜗, 𝑞1𝜚),…),

(4.3)

and

𝑈𝑘(𝜗, 𝜚) = ∫

𝜚

0
𝑠𝑘−1

𝜕𝜈(𝜗, 𝜚)
𝜕𝑠

𝑑𝑠, 𝑘 = 1, 2,… , 𝑁, (4.4)

Now, define 𝐿𝜈(𝜗, 𝜚) by

𝐿𝜈(𝜗, 𝜚) = 𝑏(𝜗, 𝜚) 𝜕𝜈
𝜕𝜚

. (4.5)

hen according to the homotopy perturbation theory,35,36 we can
construct the following homotopy for Eqs. (4.3)–(4.4):

𝐿𝜈 − 𝐿𝜈0 +𝐻 [𝐿𝜈0 +
𝑁
∑

𝑘=1
𝜚1−𝑘−𝛿(𝜗,𝜚)𝑈𝑘(𝜗, 𝜚) − ϝ(𝜗, 𝜚, 𝜈(𝑝0𝜗, 𝑞0𝜚),…)] = 0,

(4.6)

nd

𝑘 − 𝑈𝑘0 +𝐻[𝑈𝑘0 − ∫

𝑡

0
𝑠𝑘−1 𝜕𝜈

𝜕𝜚
𝑑𝑠] = 0. (4.7)

If the embedded parameter 𝐻 based on the concept of the classic
perturbation method, so the solution can be represented as the infinite
series

𝜈(𝜗, 𝜚) = 𝜈0(𝜗, 𝜚) +𝐻𝜈1(𝜗, 𝜚) +𝐻2𝜈2(𝜗, 𝜚) +⋯ , (4.8)

𝑈𝑘(𝜗, 𝜚) = 𝑈𝑘0 (𝜗, 𝜚) +𝐻𝑈𝑘1 (𝜗, 𝜚) +𝐻2𝑈𝑘2 (𝜗, 𝜚) +⋯ . (4.9)

y substituting Eqs. (4.8) and (4.9) in Eqs. (4.6) and (4.7)respectively,
nd equating the terms of the same powers of 𝐻 , we obtain the
ollowing set of linear equations:

0 ∶
{

𝜈0(𝜗, 𝜚) = 𝛼(𝜗, 𝜚)
𝑈𝑘0 (𝜗, 𝜚) = 0

1 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐿𝜈1 + 𝐿𝜈0 +
𝑁
∑

𝑘=1
𝐵𝑘𝜚

1−𝑘−𝛿(𝜗,𝜚)𝑈𝑘0 − ϝ(𝜗, 𝜚, 𝜈0(𝑝0𝜗, 𝑞0𝜚),
𝜕𝜈0(𝑝1𝜗, 𝑞1𝜚)

𝜕𝜗
,…) = 0

𝑈𝑘1 + 𝑈𝑘0 − ∫ 𝑡
0 𝑠𝑘−1 𝜕𝜈0

𝜕𝜚
𝑑𝑠 = 0

𝐻2 ∶

⎧

⎪

⎨

⎪

⎩

𝐿𝜈2 +
𝑁
∑

𝑘=1
𝐵𝑘𝜚

1−𝑘−𝛿(𝜗,𝜚)𝑈𝑘1 − ϝ(𝜗, 𝜚, 𝜈1(𝑝0𝜗, 𝑞0𝜚),
𝜕𝜈1(𝑝1𝜗, 𝑞1𝜚)

𝜕𝜗
,…) = 0

𝑈𝑘2 − ∫ 𝑡
0 𝑠𝑘−1 𝜕𝜈1

𝜕𝜚
𝑑𝑠 = 0

𝐻3 ∶

⎧

⎪

⎨

⎪

𝐿𝜈3 +
𝑁
∑

𝑘=1
𝐵𝑘𝜚

1−𝑘−𝛿(𝜗,𝜚)𝑈𝑘2 − ϝ(𝜗, 𝜚, 𝜈2(𝑝0𝜗, 𝑞0𝜚),
𝜕𝜈2(𝑝1𝜗, 𝑞1𝜚)

𝜕𝜗
,…) = 0

𝑡 𝑘−1 𝜕𝜈2

⎩

𝑈𝑘3 − ∫0 𝑠
𝜕𝜚

𝑑𝑠 = 0
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Fig. 1. The absolute error of Example 6.1.
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and so on. Now, by solving for the terms 𝜈𝑖 and 𝑈𝑘𝑖 , 𝑖 = 1, 2,… , 𝑘 =
1, 2,…, Eqs. (4.8) and (4.9) can be determined. Meanwhile, by making
the parameter 𝐻 goes to unity, one has

𝜈(𝜗, 𝜚) = 𝜈0 + 𝜈1(𝜗, 𝜚) + 𝜈2(𝜗, 𝜚) +⋯ , (4.10)

𝑈𝑘(𝜗, 𝜚) = 𝑈𝑘0 (𝜗, 𝜚) + 𝑈𝑘1 (𝜗, 𝜚) + 𝑈𝑘2 (𝜗, 𝜚) +⋯ , (4.11)

which approximated the solution for problem (1.1) and (1.2)

5. Analysis of convergence and estimation of error

In this section, we focus on the convergence of the HPM for
Eqs. (1.1) and (1.2). The sufficient conditions for convergence of the
method and the error estimate are presented.47,48

Theorem 5.1. Let 𝜈𝑚(𝜗, 𝜚) and 𝜈(𝜗, 𝜚) be defined in Banach space
(𝐶[0, 1], ‖.‖). Then the series solution {𝜈𝑚(𝜗, 𝜚)}∞𝑚=0 defined by Eq. (4.10)
converges to the solution of Eq. (4.1).

Theorem 5.2. The maximum absolute truncation error of the series
solution Eq. (4.10) for Eq. (4.1) is estimated to be

∣ 𝜈(𝜗, 𝜚) −
𝑚
∑

𝑖=0
𝜈𝑖(𝜗, 𝜚) ∣≤

𝛽𝑚+1

(1 − 𝛽)
∥ 𝜈0(𝜗, 𝜚) ∥ . (5.1)

where 0 < 𝛽 < 1.

6. Illustrated examples

The HPM described in the preceding section will be utilized to some
(VFPDDEs).

Example 6.1. Think about the solution of the following proportional
delay generalized time-fractional Burgers equation:

𝐶
0 𝐷

𝛿(𝜗,𝜚)
𝜚 𝜈(𝜗, 𝜚) = 𝜕2

𝜕𝜗2
𝜈(𝜗,

𝜚
3
) 𝜈(𝜗,

𝜚
3
) − 1

3
𝜈(𝜗, 𝜚), (6.1)

𝜗, 𝜚 ∈ [0, 1] and 𝛿(𝜗, 𝜚) = 2 − 0.3𝑠𝑖𝑛(𝜗 𝜚) for initial conditions 𝜈(𝜗, 0) =
𝜗2. The exact solution of this equation is 𝜈(𝜗, 𝜚) = 𝜗2𝑐𝑜𝑠ℎ(1.3𝜚).
 0

3

By employing the proposed technique given in Section 4, the first
few components of the homotopy perturbation for Eq. (6.1) derived as
follows:

𝜈0(𝜗, 𝜚) = 𝜗2,

1(𝜗, 𝜚) = 𝑎 𝜗2𝜚𝛿(𝜗,𝜚),

2(𝜗, 𝜚) = (𝑏 − 𝑐) 𝜗2𝜚2𝛿(𝜗,𝜚),

3(𝜗, 𝜚) =
(

(𝑏 − 𝑐)𝑑 + 4𝑎𝑑3−2𝛿(𝜗,𝜚)
)

𝜗2𝜚3𝛿(𝜗,𝜚),

⋮

lso,

𝑘0 (𝜗, 𝜚) = 𝑈𝑘1 (𝜗, 𝜚) = 0,

𝑘2 (𝜗, 𝜚) =
5
3𝑎

(2 − 𝛿(𝜗, 𝜚)) 𝜗2−𝛿(𝜗,𝜚),

𝑘3 (𝜗, 𝜚) =
25
9𝑎2

(

4 − 𝛿(𝜗, 𝜚)𝜚4−𝛿(𝜗,𝜚) − 𝜗2𝜚2
)

,

⋮

The 𝑛th-order approximate solution of Eq. (6.1)

(𝜗, 𝜚) ≃ 𝜈0(𝜗, 𝜚) + 𝜈1(𝜗, 𝜚) + 𝜈2(𝜗, 𝜚) + 𝜈3(𝜗, 𝜚) +⋯ + 𝜈𝑛(𝜗, 𝜚). (6.2)

here

= 5
3 𝛤 (𝛿(𝜗, 𝜚) + 1)

, 𝑏 = 20 × 3−1−𝛿(𝜗,𝜚)
𝛤 (2𝛿(𝜗, 𝜚) + 1)

,

= 5
3 𝛤 (𝛿(𝜗, 𝜚) + 1)

, 𝑑 =
𝛤 (2 𝛿(𝜗, 𝜚) + 1)
𝛤 (3 𝛿(𝜗, 𝜚) + 1)

,

Figs. 1 and 2 represent the absolute error and the approximate
solution of Example 6.1 for 𝑁 = 3 and different values of 𝛿(𝜗, 𝜚) at
= 0.9 respectively. Finally the absolute error for different values of

𝜗, 𝜚) is given in Table 1.

xample 6.2. Consider the following proportional delay generalized
ime-fractional Burgers equation:

𝐷𝛿(𝜗,𝜚)𝜈(𝜗, 𝜚) = 𝜕2 𝜈(𝜗, 𝜚) + 𝜈(𝜗,
𝜚
)𝜈(𝜗 ,

𝜚
) + 1 𝜈(𝜗, 𝜚), (6.3)
𝜚 𝜕𝜗2 2 2 2 2
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Fig. 2. Numerical results of Example 6.1 at 𝜗 = 0.9.
𝜗
𝜈

Table 1
Absolute error for Example 6.1 by 𝛿(𝜗, 𝜚) =
2 − 0.2𝑠𝑖𝑛(𝜗 𝜚).
(𝜗, 𝜚) Absolute error

(0.25,0.25) 5.865 × 10−4

(0.25,0.50) 1.775 × 10−4

(0.25,0.75) 1.903 × 10−4

(0.50,0.25) 8.265 × 10−3

(0.50,0.50) 3.181 × 10−4

(0.50,0.75) 9.717 × 10−4

(0.75,0.25) 3.233 × 10−4

(0.75,0.50) 1.458 × 10−3

(0.75,0.75) 1.903 × 10−3

with initial conditions 𝜈(𝜗, 0) = 𝜗, 𝛿(𝜗, 𝜚) = 1.7 + 0.3𝑐𝑜𝑠2(𝜗 𝜚). The exact
solution of this problem is 𝜈(𝜗, 𝜚) = 𝜗𝑒0.5𝜚.

Similarly using the approach given in Section 4, the first com-
ponents of the homotopy perturbation for Eq. (6.3) are derived as
follows:

𝜈0(𝜗, 𝜚) = 𝜗,

𝜈1(𝜗, 𝜚) = 𝑎 𝜗𝜚𝛿(𝜗,𝜚),

𝜈2(𝜗, 𝜚) = 𝑎 𝑏 𝜗 𝜚2𝛿(𝜗,𝜚),

𝜈3(𝜗, 𝜚) = (𝑎 𝑏 𝑐 + 𝑎 𝑑) 𝜗 𝜚3𝛿(𝜗,𝜚),

⋮

also,

𝑈𝑘0 = 𝑈𝑘1 = 0,

𝑈𝑘2 = 2 𝑎 𝑏𝜗𝜚 𝑒𝛿(𝜗,𝜚) 𝑐𝑜𝑠(2𝜗𝜚),

𝑈𝑘3 = 𝑎 𝜗2𝜚 𝑒𝛿(𝜗,𝜚)𝑐𝑜𝑠(2𝜗𝜚) + 2 𝑎 𝑏𝜗𝜚3 𝑒𝛿(𝜗,𝜚) 𝑐𝑜𝑠(2𝜗𝜚),

⋮

where

𝑎 = 1 , 𝑏 = 2𝛿(𝜗,𝜚) + 2−1 ,

𝛤 (𝛿(𝜗, 𝜚) + 1) 𝛤 (2𝛿(𝜗, 𝜚) + 1)

4

Table 2
Absolute error for Example 6.2 by 𝛿(𝜗, 𝜚) =
1.7 + 0.3𝑐𝑜𝑠2(𝜗 𝜚).
(𝜗, 𝜚) Absolute error

(0.25,0.25) 8.682 × 10−4

(0.25,0.50) 1.549 × 10−4

(0.25,0.75) 8.689 × 10−3

(0.50,0.25) 4.608 × 10−3

(0.50,0.50) 1.654 × 10−4

(0.50,0.75) 1.179 × 10−3

(0.75,0.25) 2.496 × 10−4

(0.75,0.50) 1.072 × 10−4

(0.75,0.75) 4.482 × 10−4

𝑐 = 2−2𝛿(𝜗,𝜚)
𝛤 (3𝛿(𝜗, 𝜚) + 1)

, 𝑑 = 2−1−2𝛿(𝜗,𝜚)
𝛤 (3𝛿(𝜗, 𝜚) + 1)

,

The rest parts of the homotopy perturbation solution can be pro-
duced in the same way for the subsequent components. The following
is the approximate 𝑛th-order solution of Eq. (6.3):

𝜈(𝜗, 𝜚) ≃ 𝜈0(𝜗, 𝜚) + 𝜈1(𝜗, 𝜚) + 𝜈2(𝜗, 𝜚) + 𝜈3(𝜗, 𝜚) +⋯ + 𝜈𝑛(𝜗, 𝜚). (6.4)
Figs. 3 and 4 represent the approximate solution and the absolute

error of Example 6.2 for 𝑁 = 3 and different values of 𝛿(𝜗, 𝜚) at 𝜗 = 0.7
respectively. Finally the absolute error for different values of (𝜗, 𝜚) is
given in Table 2.

Example 6.3. Given the following FPDE with proportional delay:

𝐶
0 𝐷

𝛿(𝜗,𝜚)
𝜚 𝜈(𝜗, 𝜚) = 𝜕2

𝜕𝜗2
𝜈(𝜗

2
,
𝜚
2
) 𝜕
𝜕𝜗

𝜈(𝜗
2
,
𝜚
2
) − 1

8
𝜕
𝜕𝜗

𝜈(𝜗, 𝜚) − 𝜈(𝜗, 𝜚), (6.5)

, 𝜚 ∈ [0, 1] and 𝛿(𝜗, 𝜚) = 2 − 0.3 𝑒𝑥𝑝(𝜗 𝜚) with elementary conditions
(𝜗, 0) = 𝜗2.

The exact solution of this problem is 𝜈(𝜗, 𝜚) = 𝜗2𝑐𝑜𝑠(𝜚).
The residuum parts of the homotopy perturbation solution can

be produced in the same way for the subsequent components. The
approximate 𝑛th-order solution to Eq. (6.5).

𝜈(𝜗, 𝜚) ≃ 𝜈 (𝜗, 𝜚) + 𝜈 (𝜗, 𝜚) + 𝜈 (𝜗, 𝜚) + 𝜈 (𝜗, 𝜚) +⋯ + 𝜈 (𝜗, 𝜚). (6.6)
0 1 2 3 𝑛



A.K. Farhood and O.H. Mohammed Partial Differential Equations in Applied Mathematics 7 (2023) 100513

Fig. 3. Numerical results of Example 6.2.

Fig. 4. The absolute error of Example 6.2 at 𝜗 = 0.7.

5
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e

Fig. 5. Numerical results of Example 6.3.
Fig. 6. The absolute error of Example 6.3 at 𝜗 = 0.8.
g
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Table 3
Absolute error for Example 6.3 by 𝛿(𝜗, 𝜚) = 2 − 0.3𝑒(𝜗 𝜚).
(𝜗, 𝜚) Absolute error

(0.25,0.25) 1.817 × 10−4

(0.25,0.50) 5.291 × 10−4

(0.25,0.75) 1.649 × 10−4

(0.5,0.25) 3.871 × 10−3

(0.50,0.50) 3.986 × 10−4

(0.50,0.75) 2.949 × 10−4

(0.75,0.25) 1.220 × 10−4

(0.75,0.50) 2.670 × 10−3

(0.75,0.75) 4.087 × 10−4

Figs. 5 and 6 represent the approximate solution and the absolute
rror of Example 6.3 for 𝑁 = 3 and different values of 𝛿(𝜗, 𝜚) at 𝜗 = 0.7
 c

6

respectively. Finally the absolute error for different values of (𝜗, 𝜚) is
iven in Table 3.

. Conclusions

The HPM is used in this study to approximate the solutions of VF-
DEs with proportional delays. The variable order fractional derivative
as approximated in terms of the standard derivative. Comparatively

peaking, the proposed method requires a lot less computational work
han other numerical methods. The obtained results, compared with
xact solution, show us that this method is remarkable very effec-
ive, very simple, and very fast in convergence for handling VFPDEs
ith proportional delays. In this paper Maple 2016 was used for all

alculations.
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