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Abstract

Assume that R is any ring with identity and M is a unitary left R —module. This
work introduces the Rad;-Supplemented module with respect to the fully invariant
submodule it is denoted by (FI—Rad,-Supplemented) and @-Rad,-Supplemented
modules with respect to the fully invariant submodule (denoted by FI-@®-Rad,-
Supplemented modules). As well as the main features of these modules in this work,
and various properties of these modules. Also, we defined weakly FI — Rad; —

Supplemented modules as an extension of the FI-Rad; — supplemented modules and
we explain the relationship between them using notes and examples.

Keywords: Supplemented Modules, Weakly Supplemented Modules, ®-
Supplemented Modules, Rad,;-Supplemented Modules, @®-Rad,-Supplemented
Modules.
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1. Introduction

All modules are unitary left R-modules, and R will be used to signify any arbitrary
associative ring with identity. A submodule P of M is known as a small submodule of M (P «
M).IfP + E = M forall submodules E of M exists, we know that M = E, [1]. The Jacobson
radical of M, indicated by J(M), is the sum of all small, submodules of M, [2]. Where M =
Q + E, then a submodule Q@ of a module M is referred to as a / —small (Q «; M), such

that/ (=) = = implies E = M,[3].
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Let M be a module and 0, S be their submodules. If O is minimum with respectto M = 0 +
S,then O isasupplement of S in M. EquivalenttoO + S = Mwhen0 NS < O0; M is referred
to as a supplemented module if it contains a supplement for each of its submodules [4]. There
are many researchers who developed the Supplemented modules, see [5 -7].

If M is a module, X and Y are their submodules, then X is said to be J] — Supplemented of Y in
MifM =X+ Yand XNnY «; X. A module M is said to be J — Supplemented if each
submodule of M has a J—Supplement [3]. A module M is referred to as a @-Supplemented if
it has a direct summand Supplement T in M with the formulasM = 0 + TandONT KT
for every submodule O of M [8]. Let O and T are submodules of M; if M = O + T, where O
is a direct summand of M, and 0 N T «; O, O is referred to a €-Jacobson-Supplement of T
in M(or simply @ —J—Supplement). Where M contains a @-] -Supplement in each of its
submodules, M is referred to a @-J-Supplemented module [9]. The symbol Rad;(M) is the
sum of all J-small submodules M is called Rad;-module if Rad;(M) = M [9]. If there is a
submodule J of a module L suchthat L = P + Jand P nJ < Rad,(J) for each submodule P
of the module L, then L is said to be Rad;-Supplemented [9]. When there is a direct summand
L of a module M with M = S+ L, SN L < Rad,(T) exists for each a submodule S of the
module M, then M is said to be a ©-Rad;-Supplemented module [9].

In this work we defined the FI-Rad; — Supplemented module to be an expansion of Rad; —
Supplemented and FI-@®-Rad,;-Supplemented module is presented as a generalization of -
Rad,-Supplemented module with some properties, and we see that the @©-Rad;-Supplemented
modules are undoubtedly FI-@©-Rad;-Supplemented modules. Also, it was weakly-FI-Rad;-

Supplemented have been introduced, as well as we explained the relationship between them
using notes and examples.

2.FI-Rad;-SUPPLEMENTED MODULES.

As a broadening of Rad;-Supplemented modules, FI-Rad,;-Supplemented modules are
introduced in this section. Remarks and properties are used to demonstrate the notion.
Recall that a submodule S of the module C is called fully invariant (or Fl-submodule) if y(S) <
S for each y € End(C). An R-module C is called duo module if each submodule of C is fully
invariant, [10].

Definition 2.1: For every Fl-submodule P of W there exists a submodule U of a module W
with W= P + U and PNU < Rad;(U), then W is said to be fully invariant -Rad,-
Supplemented (dented by FI- Rad;-Supplemented).

Examples and Remarks 2.2:

1. Each semi-simple R-module is an FI-Rad,-Supplemented. To demonstrate that, given M as
a semi-simple module and T is an Fl-submodule in M, there occurs a submodule V of M
with T+ V =M , TnNnV=T <Rad;(V). So, the Zs as a Z— module is an
FI—Rad; —Supplemented.

2. Each module that is Rad; —Supplemented is also an FI—Rad,; — supplemented.

3. The Q asaZ —module is an FI-Rad; —Supplemented module where Q is the set of rational
number, since Rad,;(Q) = Q and the only two {0} and Q are fully invariant suomodules of
Q.

4. Each Rad;-module is a FI-Rad; —Supplemented module. But the converse need not be

true. For example, the Z, as a Z -module is an FI—Rad; —Supplemented but not a Rad;-

module.
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Next, we will study some properties of an FI-Rad; —Supplemented modules, including the
following:

Proposition 2.3: If @ is any Fl-submodule of an FI—Rad; —Supplemented module W, then
% is an FI—Rad; —Supplemented.

Proof: Assume that % is an Fl-submodule of %, so S is also fully invariant of W, [10].

Because W is a FI — Rad; — Supplemented, then the submodule H of W exists such that W =

. w S+H S H+Q S H+Q SNn(H+Q)
H withSn H < Rad;(H). —= =—+ nd —n = =
S + th S _a]()So,Q 9 9 Q,adQ ) 5
% , by Modular Law and since SN H < Rad,(H). Hence, (S”g)+Q <™ ’ng

Rad](H)+Q
Q

and

< Rad](HQLQ) by [9]. Therefore, % is an FI—Rad; —Supplemented.
Proposition 2.4: If O and W; are fully invariant submodules of the module W. Where W; is
an FI—Rad; — Supplemented module with W; + O has an FI-—Rad; — Supplement W, then O
is also has an FI—Rad; —Supplement in W,

Proof: There exists an Fl-submodule J of W such that ] + (W; + 0) =Wand ] n (W; +
0) < Rad;(J), since W; +0 has an Fl—Rad; —Supplement in W, now W, is an
FI—Rad; —Supplemented module means that (/ + O ) N W, has a submodule V, such that
J+o)nWy,+V=Ww,and J + 0) NV <Rad;(V). Thus W =W, +0+]=( +
oOonNwW,+V+0+] =V +0+] and (J+ 0) NV <Rad;(V), that is V is an
FI—Rad; —Supplement of J + O in W. Also, J + V is an FI—Rad; —Supplement of 0 in W.
Itis obvious that W = (J + V) + O, so it suffices that (/ + V) N O < Rad;(J + V). Since V +
OCSW;+0 ,then Jn (W +0)<c]n(W, +0)<Rad,(J) and J n (V + 0) <
Rad,()). Thus Jg+V)ynocjnlV+0)+Vn((J+ 0)< Rad;(J)+
Rad;(V) < Rad;(J +V).

Proposition 2.5: Let C = M;@® M,. Then M; and M, are FI—Rad; — Supplemented, modules
if and only if C is an FI-Rad; —Supplemented module.

Proof:
=) Assume that M; and M, are FI—Rad; — Supplemented, and O is an FI-submodule of M.

So, C = M; + M, + O trivially M, + O has FI-Rad; —Supplement in C. So, C is an
FI—Rad; —Supplemented module because according to Proposition 2.4, O has an
FI—Rad; —Supplement in C.

(&) Since C is a FI — Rad; —Supplemented, module and according to Proposition 2.3, ¢

My
is also an Fl—Rad; —Supplemented module, M, = ; So, M, is the

FI—Rad; —Supplemented module. Similarly, M, is an FI—Rad; —Supplemented module.

Corollary 2.6: If ] is an FI-Rad; —Supplement of T in M, and W is the duo module such that
W = M;®M,, then J®M, is the FI—Rad; —Supplement of T in W. Where ] and T are fully

invariant submodules of M;.
Proof: Since ] is an FI-Rad,-Supplement of T in My, so M;=J+T and JNT <

Rad;(J).So,W = M;@®M,, then W = (J + T)®M,, hence W = T + (J©M,) but (j ®M,) N
T= (J®M,;) nM;NT =] NnT <Rad;(J) and since | < J@®M,, so Rad;(J) <
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Rad;(J®M,) [9]. Hence, ] NT < Rad;(J®M,). Therefore, J®M, is an
FI—Rad; —Supplement, of T in W.

Proposition 2.7: Suppose that W is an R-module, S and U are fully invariant submodules of

W.If S isan Fl-Rad; —Supplement of U in W, hence % is an FI—Rad,; —Supplement, of %

in % where ] € U.

Proof: Since S is an FI-Rad; —Supplement of U in W. Hence, W =U+S, H N § <
Rad,(S), then = =225 = L 4 3% claim that = n 2 < Rad, (£ ): since = n L =
J J J J TN J T

J J
unSs+)) (Un‘j)“ by modular law, and since U NS < Rad,(S), hence wos)+j

J
Rad;(S)+] But Rad;(S$)+]

J J
w

I

IA

st
J

S+Jj

< Rad;(—=)I[9]. Hence - is an FI—Rad; —Supplement of % in

Proposition 2.8: Let C be an R-module and E be an FI—Rad; —Supplement of L in C, with F

and O are fully invariant suomodules of E. Then O is an FI-Rad; —Supplement of F in E if

and only if O is an FI—Rad,-Supplement, of L + F in C.

Proof :

=) Suppose that O is an FI-Rad; —Supplement of F in E, then E=0+F, UNF <

Rad;(0), let (L+F)+W =M for W € 0 with J(~-) = % Now, F + W <€ E. Since
E_ _ O+(F+W) _ 0 0

= = by according to Second Isomorphism and
F+W F+W on (F+w) W+(Fno)
0

. (0] (0] 0]
Modular Law, with ‘](7) = & [3]. Therefore, Jj( W+(Fr\0)) = Wirno)
J( FfW) = FfW . Since E is FI-Rad; —Supplementof L in C,so C = L + E, hence E =
F+W,since E=0+F , W < 0 and ](%) =% ; thus 0 = W, [3]. Hence Ois
J—Supplemented of L + FinM,thenC = (L+F) +O0and (L+F)N O «; W,then (L +
F)N O < Rad;(0). Therefore, O is an FI—Rad; —Supplementof L + FinC.
<) Let O be an FI-Rad,;- Supplementof L + FinC. ThenO + (L + F)=Cand 0 n (L +
F) <Rad;(0).LetO + F =Etoprove 0O NF < Rad;(0),sinceONF cON(L+F) <
Rad,;(0),then O NF < Rad,;(0). Hence, V is an FI—Rad; —Supplemented of F in E.

hence

Definition 2.9: If Pisan FI—Rad; — SupplementofY in C and Y isan FI—Rad; — supplement
of P in C such that P and Y are fully invariant submodules of the module C, then P and Y are
called mutual, FI—Rad; — Supplements.

Corollary 2.10: Let C be an R—-module, S and T are mutual FI-Rad; —Supplemen in C, and
let / be an FI—Rad; —Supplemented of L in S and E be an FI-Rad; —Supplement of F in T.
So,] + EisanFl—-Rad; —Supplementof F + L in C.

Proof: From the hypothesis T is an FI—Rad; —Supplemented of S in C, and E is an
FI—Rad; —Supplement of F in T. Hence, by Proposition 2.8, E is an FI—Rad; —Supplemented
of S + F.Since S = | + L thenE is FI-Rad; — Supplemented of / + L+ FinC,so (L +] +
FYNE < Rad,(E).SinceT = E + F and S is an FI-Rad; — Supplement of T in C, and ] is
an FI—Rad; — Supplement of L in S, so by Proposition 2.8, ] is an FI—Rad; —Supplement of
E+F+LinC.Hence, (E+F+L)n] < Rad,;(J), because C =T + S, hence we have C =
E+F+J+L=]J+E+F+L so(J+ENF+L<(L+]+F)NE+]n
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(E + F + L) < Rad;(E) + Rad;(J) < Rad;(E +]),[9]. Since J and E are fully invariant
in C,then J + E is fully invariant in C, [11]. Thus, J + E is an FI—Rad; —Supplement of F +
LinC.

3. Fl-®-Rad; —SUPPLEMENTED and WEAKLY-FI-Rad;-SUPPLEMENTED
MODULES.

In this part, we introduced €-Rad,;-Supplemented with respect to fully invariant
submodules as an extension of the @-Rad; —Supplemented, as well as introducing the
weakly—FI — Rad; —Supplemented modules as an extension of FI-Rad; —Supplemented and
examining some of their characteristics.

Definition 3.1: If there is a direct summand U of a module C withC =V +UandVNnU <
Rad;(U) for each Fl-submoduleV of the module C, then C is called FI-@ —
Rad; —Supplemented.

Examples 3.2:
(1) Q as Z —module is an FI-&® — Rad; —Supplemented, since Rad,;(Q) = Q and the only

direct summand are Q and {0}.
(2) Each module that is & — Rad; —Supplemented is also FI-&® — Rad; —Supplemented.

An R-module C is referred to as an FI-®- ] -Supplemented if for each Fl-submodule S of
Cthere exists a direct summand U of C suchthat C =S+ UandSn U «; U.

Proposition 3.3: Suppose that W is a module with Rad;(W) «<; W. Then W is FI-®- J-
Supplemented if and only if W is a FI-&® — Rad; —Supplemented module.

Proof:

=) Clear.

<)Assume that X is an Fl-submodule of W. W is FI-@® — Rad; —Supplemented, hence a
direct summand Y of W exists such thatW =X +Y ,and X NY < Rad,;(Y) additionally,
since Y < W, Rad;(Y) < Rad;(W), [9] and since Rad (W) «; W, hence Rad;(Y) «; W
[3]. Also, since X NY < Rad;(Y), then X NY «; W.Y is a direct summand of W . So X n
Y «; Y[3]. Therefore, W is FI-®-] —Supplemented module.

Proposition 3.4: If L is an Fl-submodule of M and M is an FI-&® — Rad; —Supplemented
module, then % is FI—& — Rad; —Supplemented.

Proof: Assume that % be an Fl-submodule of % So, T is an Fl-submodule of M. Because M is

FI—&® — Rad; —Supplemented, there is a direct summand P of M withM =T +P, TNP <
Rad,(P), and M =P®P', P'c M, so —— = 2 = T LN
L L L L L L

P+L

Rad, &2ty L a2t I+ _ (FAP*E 'y Modular Law. Because T N P < Rad, (P),
J\ L L L L J

(TNnP)+L < RadJZP)+L and Radj(P)+L
Fl-submodule of M, then % =

then

< Rad](PLLL) [9]. Since M = P@®P' and L is an

P:L - :L . Hence % is FI—&® — Rad; —Supplemented.

Proposition 3.5: Assume W be a module such that T and W;are fully invariant submodules of
W with W; be a FI-@® — Rad; — Supplemented module, if W;+T has FI-& —
Rad; —Supplement in W, so T has an FI—& — Rad; —Supplement in W.
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Proof: From the hypothesis, then there is a direct summand O of W, withO + (W; +T) =W
and O N (W; +T) < Rad;(0). Also, there exists a direct summand J of Wy, with (0 + T) n
Wy + ] =W,and (0 +T)NnJ<Rad;()). It followsthat W =W; +T+0 =] + T +
0,and (0 +T)Nn] < Rad;(J), which is ] is @ — Rad; —Supplement of O + T in W. Since

= (0 + ]) + T and according to Proposition 2.4, we have (O+ J) N T < Rad;(0 +]).
Therefore, O + ] is an FI—&® — Rad; —Supplement of T in W'.

Proposition 3.6: Assume that W = W,&W,, then W; and W, are FI-&® —
Rad; —Supplemented modules if and only if W is an FI-@® — Rad; —Supplemented module.
Where W; is an Fl-submodule of .

Proof: Clear according to Proposition 2.5.

Corollary 3.7: If D is an FI-&® — Rad; —Supplement of J in My, then D &M, is an FI-& —
Rad; —Supplement of J in M. Where M = M;®M, is a duo module, D and J are fully

invariant submodules of M;.
Proof: Clear by Corollary 2.6.

Proposition 3.8:

Let C = C;C, be aduo module, and U, O be Fl-submodules of C4, if U is an FI — ®-Rad,-
Supplement of O in Cy, then U @C, is an FI — @-Rad,- Supplement of O in C.

Proof:

Let U be an FI1 — @-Rad;-Supplement of O in C,, then C; =U + O and U N O < Rad,; (V).
Since C=C;®C, ,thenC=(U + O) ®C, , hence C =0+ (U &C,), but (U &C,) nO=(U
®C;)NC;,NO=UNO<Rad;(U)andasU < U DC,,then Rad;(U) < Rad;(UDC,), by
[9]. Hence, U N O < Rad, (U ©C,). Therefore, U ©C, is an F1 — &-Rad,;-Supplement of O
in C.

Theorem 3.9: Suppose that M is an R-module where M = M;@®M, is a direct summand of
submodules M; and M,. Then M, is an FI-&® — Rad; — Supplemented module if and only if
there exists a direct summand J of M with] € M, , M =]+ T,andJ N T < Rad,(J) for each

T M
Fl-submodule — of —.
M, My

Proof:
=) Suppose that T be an Fl-submodule of 7 Then T n M, is an Fl-submodule of M,.

Since M, is a FI-&® — Rad; —Supplemented module, so T N M, has a direct summand J of
M, withM, = (TnM,) +JandTNnM, nJ =T NJ < Rad;(J). As ] is the direct summand
of M withM =M, + M, =M; + (TNM,)+] € M; +T +]. However, M; S T. So, M =
J+T.

<) Let T be an Fl-submodule of M,, therefore &NI[‘“ is an Fl-submodule of MT According
1 1

to our presumption, a direct summand J of M there exists with J€ M,, M = (T + M,) + ],
(T+M;)n] <Rad;(J). Since My=M,NnM=M,N[(T+M)+]]=]+[(T+M)n
M,|=]+T+ M, nM,)=]+T, by Modular Law and since JNnT S (T+M,)NnJ] <
Rad;(J),then ] NT < Rad;(J). Therefore, M, is an FI--Rad,;-Supplemented module.

Proposition 3.10: Assume that N is an R-module. If E has an FI—&-Rad; — Supplement in
N. Then % has an FI—&@-Rad; —Supplement in % , Where G is a fully invariant of N such
that, GC E.
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Proof: Form the hypotheses E has an FI—@®-Rad; —Supplement in N, so there is a direct
summand S of N,withS+E =N,SNE < Rad,;(S),and N = S®S’, where S’ € N. Then

Gﬁ— %+ SEG ,%n S;G :En(?c’) :(SnEG)+G by Modular Law, and since S N E <
Rad,(S), hence (SnEG)+G < Rad’(GSHG , and Rad’(GSHG < Ra d](ﬂ)by [9]. Therefore,

% has an FI-@®-Rad,-Supplement in —Z :

Proposition 3.11: If V and L are Fl-submodules of an R-module M, with L is a FI-&® —
Rad; —Supplement of V in M and ] «; M, then L is an FI-& — Rad; —Supplemented of V +

]
Proof: From the hypotheses M = L + V, L is a direct summand of M, and L NV < Rad,;(L).

So,L+(V + J)=M.LetLn((V + J]) + T=L,WhereTSLand](%) = —;.Hence,Mz

_ . M _ L+(V4T) L _
L+(V+]) =LNWAN+T+V+)=V+T)+], 50 —— = very = T =
TmmL) by Second Isomorphlsm Theorem and by Modular Law. Because | (—) =—, we get
J( TmmL) )= T+(an) [3]. Thus, J( V+T ) =< , and because ] <; MsoM = V + T, but

M=V +H,andT < LW|th]( )— ,SOL=T,hence LN (V+)) <K, L, LNV +])<
Rad,(L). Hence, L is FI-&® — Rad] Supplement of V+]inM.

Definition 3.12: A module M is said to be a weakly—FI — Rad; —Supplemented if there is a
fully invariant G of M with M =T + G and T N G < Rad;(M) for each submodule T of M.

Remark 3.13: Every FI-Rad; —Supplemented module is weakly—FI — Rad; —Supplemented.

Proposition 3.14: If E is a non-zero weakly—FI — Rad; —Supplemented module and F is a
Fl-submodule of E, so g is a weakly—FI — Rad; —Supplemented.

Proof: Assume % be an Fl-submodule of % so L is a fully invariant of E[10]. Given that E
is a weakly—FI — Rad; —Supplemented, so there is an FI-submodule S of E with E = L + S,
L N S<RadE). Then —=—""=—+2 =0 <Rad)(*) |, since —n
(LNS)+F

F F F
SHE _ LOCHR) _ WA 1y Modular Law and since L n S < Rad)(S ), hence ~———— <

F
and 22U g d](SJ’—F) .Then — is an FI-Rad,;—Supplemented. Therefore, g

F
is a weakly—FI — Rad; —Supplemented.

F
Rad](S)+F

Corollary 3.15: If U is a weakly—FI — Rad; —Supplemented duo module, so each factor of
modules of M is also a weakly—FI — Rad; —Supplemented module.

Proposition 3.16: Let M and M, be weakly—FI — Rad; —Supplemented modules with M,, C
C M. Then, if M; + C has a weakly—FI — Rad; —Supplement in M, so C has a weakly—FI —
Rad; — Supplement in M

Proof: From the hypotheses M; + C has a weakly—FI — Rad; —Supplement in M, so there is
an Fl-submodule F of M with F + (M; +C)=M,and F n (M; + C) < Rad;(M). Now,
since M, is a weakly—FI — Rad; —Supplemented module and (F + C) n M; < M;. So, there
is an Fl-submodule T of M; such that (F+C)NnM;+T=M; and (F+C) N T<
Rad;(M;). Thus, we have M =M; +C+F=F+C)NnM; +T+C+F=T+C+F,
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and (F+C) NT < Rad;(M;),s0 (F+C)NT < Rad;(M), thatis T is a weakly -FI-Rad,;-
Supplement of F 4+ C in M. It is obvious that M = (F + T) + C, hence it suffices to
demonstrate that (F +T) N C < Rad;(M). Since T+ CEM; +C, then F n(T+C)<
Fn(M;+C) <Rad;(M).ThenF n (T + C) < Rad;(M).Thus, (F + T) n C SF n
(T+C)+Tn (F+C)< Rad;(M). Therefore, C has a weakly—FI—
Rad; —Supplement in M.

Proposition 3.17: If U = U;@® U, which is a duo module, then U; and U, are weakly—FI —
Rad,; — Supplemented modules if and only if U is a weakly—FI — Rad; —Supplemented.

Proof:
= )Assume that U; and U, are weakly—FI — Rad; —Supplemented modules. To demonstrate

that U is weakly—FI — Rad; —Supplemented. Let L be a submodule of U, since U =U;+ U,
+ L, so trivial U, + L has a weakly—FI — Rad; —Supplement in U. According to Proposition
3.16, L has a weakly—FI — Rad; —Supplemented in U, hence U is a a weakly—FI —
Rad; —Supplemented module.

<)Suppuse that U is a weakly—FI — Rad; —Supplemented, to demonstrate that U, and

U, are weakly—FI — Rad; —Supplemented modules. Since U, = % and U is weakly—FI —
1

Rad; —Supplemented, so % is a weakly—FI — Rad; —Supplemented module according to
1

Proposition 3.14. As a result, U, is a weakly—FI — Rad; —Supplemented. Then U; is a
weakly—FI — Rad; —Supplemented module.

The following standard lemma is required to demonstrate that a finite sum of a weakly—FI —
Rad,; — Supplemented is weakly—FI — Rad; —Supplemented.

Lemma 3.18: Assume that O and P are submodules of a module /, and O + P having a
weakly—FI — Rad; —Supplemented L in J and O n(L+P) having a weakly—FI —
Rad; —Supplement V in 0. Then L + V is a weakly—FI — Rad; —Supplement of P in J.
Proof: From the hypotheses L is a weakly—FI — Rad; —Supplement of O + P inJand V is a
weakly—FI — Rad; —Supplementof O n (L + P) in 0. Then] = (0 + P) + L, where L an Fl-
submoduleofJand (0 + P) N L < Rad;(J),and0 =[0 n (L + P)] +V,whereV isanFl-
submodule of 0 and (L + P) NV < Rad,;(0). Since ] =(0+P)+L =[0 n(L + P)] +
V+P+L=0n(L+P)+V +P+L=P+L+V, then J=P+ (L+V) because
V+P < 0+P then (V+P)nL <(0+P)NL <Rad;(J), hence (V+P)NL <
Rad;(J), then PN (L+ V)< [(V+P) nL]+[(0+P) nV] < Rad,(J). Therefore, L +V
is a weakly—FI — Rad; —Supplement of P in /.

Proposition 3.19: The finite sum of a weakly—FI — Rad; —Supplemented modules is a
weakly—FI — Rad; —Supplemented module.
Proof: Clear.

4. Conclusion

Through our research, we conclude that the Supplemented modules and the small
submodules have many and diverse fields in mathematics. We advise researchers to develop
this topic and formulate other topics
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