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1 Introduction

The diffusion of biological populations is one of the most common nonlinear scientific processes,
and fractional-order differential equations are becoming more and more common in many en-
gineering applications and research fields. In many environmental, economic, and medical sys-
tems, population dynamics research and population development prediction depend heavily on
the application of biology and population equations. These applications are based on a system
of mathematical equations that simulate interactions between people in a population as well as
biological population development (Khater, 2022; Srivastava et al., 2014; Baleanu et al., 2024).
Ant biological population equations are primarily used in a range of applications. Understand-
ing how environmental changes affect species diversity and population dynamics, enhancing
agricultural resource management, and comprehending disease distribution and the variables
influencing disease transmission within populations are some of the topics covered [4]. One of
the most important biological population equations that will be studied in this paper is given
by the following formula: (Mahdi et al., 2023; Attia et al., 2020; Jassim et al., 2024)

∂

∂τ
φ (η, θ, τ) =

∂2

∂η2
φ2 (η, θ, τ) +

∂2

∂θ2
φ2 (η, θ, τ) + φ (η, θ, τ)− pφ2 (η, θ, τ) , (1)
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with given initial condition
φ (η, θ, 0) =f (η, θ) (2)

where φ denotes the population density and p is real numbers.
Many researchers have presented studies on the biological model of the population, and the

reader can view some of these studies. In 2015, Bououden, Chadli, and Karimi presented an
adaptive fuzzy control (AFC) approach for managing uncertain and highly nonlinear biological
processes, specifically in wastewater pre-treatment (Bououden et al., 2015). In 2017, Akimenko
developed an explicit recurrent algorithm and performed a numerical study of travelling wave
solutions for two age-structured population dynamics models with nonlinear death rates and
polycyclic reproduction (Akimenko, 2017). In 2018, Chun Wu and Weiguo Rui introduced a
method for finding exact solutions to nonlinear time-fractional partial differential equations
(PDEs), avoiding the invalid fractional chain rule. In 2020, Srivastava et al. investigated
a fractional-order biological population model with carrying capacity, and authors employed
blended homotopy techniques in combination with the Sumudu transform to solve the nonlinear
fractional-order population model, using the Caputo-type fractional derivative (Srivastava et al.,
2020). In 2022, Mostafa Khater presented precise solutions for nonlinear fractional population
biology (FBP) models using the generalized Khater (GK) technique and Atangana’s conformable
fractional (ACF) derivative operator. The model accounts for natural death and birth rates to
derive demographic insights (Mahdi et al., 2024). In 2024, Mamunur Rashid et al. examine soli-
ton solutions with time-dependent variable coefficients in the Kolmogorov-Petrovsky-Piskunov
(KPP) model, which was initially used to model the spread of advantageous genes in populations
but also applies to various physics, biological, and chemical models (Roshid et al., 2024).

In this work, we use the Kamal Adomian decomposition method (KADM) to solve fractional
biological population equations that include the fractional operator of the fractional operator
Atangana-Baleanu-Caputo. The paper is arranged in the following way: The basic definitions
for calculus and fractional integration are presented in section 2, the algorithm of the method
used in section 3, the convergence of the method is discussed in section 4, and many examples
are given that explain the effectiveness of the method proposed in section 4, and finally, the
conclusion is provided in section 5.

2 Basic concepts

In this section, we present some definitions and properties on which this work is based in
subsequent sections.

Definition 1. (Oprzedkiewicz & Mitkowski, 2019) Suppose that ϑ is a real number such that
0 < ϑ ≤ 1, then then following normalization function B(ϑ) is a function satisfies the following
condition B (0) =B (1) = 1.

Definition 2. (Askey & Roy, 2010) Let ω is a complex number then the gamma function Γ(z)
is given by

Γ (ω) =
∫∞

0 e−ξξω−1dξ, Re (ω) > 0.

One of the most important properties of the gamma function Γ (ω+1) =ωΓ (ω) .

Definition 3. (Rahman et al., 2022) Let’s assume that ω is a complex number, then the following
is a one-parameter formulation of the Mittag-Leffler function

Eω(ξ) =
∑∞

k=0
ξk

Γ(ωk+1) , ω> 0

Definition 4. (Edmunds & Lang, 2023) Let us assume that φ (ξ) is a differentiable over interval
Ω = (y1, y2), y1 ≤ y2, then the Sobolev space is

H1 (Ω) =
{
φ ∈ L2 (Ω)

∣∣ ∂i

∂ξi
φ ∈ L2 (Ω) , i = 1, 2, 3, . . . , n},
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where L2 (Ω) Lebesgue space.

Definition 5. (Abed & Hussein, 2024) Let φ ∈ H1 (Ω) , then the derivative of Atangana Baleanu
Qϑτ with fractional order 0 < ϑ < 1 is

H1(Ω) =

{
φ ∈ L2(Ω)| ∂1

∂ξi
φ ∈ L2(Ω), i = 1, 2, 3, ..., n

}
(3)

where φ′ is the derivative of φ.

Definition 6. (Jafari, 2021) The Kamal transform (KT) is defined over the set of function

A =

{
φ (τ)

∣∣∣∣ ∃M, z1 , z2 > 0, |φ (τ)| <Me
|τ |
zj , if τ ∈ (−1)j × [0,∞)

}
,

by

KT [φ (τ)] = Kφ(s) =

∫ ∞
0

φ (τ) e−
τ
s dτ , s ∈ (z1 , z2) . (4)

Some properties of KT (Al-Essa et al., 2023),

1. KT [1] = s,

2. KT [τ ] = s2,

3. KT [τn] = n!sn+1,

4. KT [epτ ] = s
1−ps ,

5. KT [sin(pτ)] = ps2

1+p2s2
,

6. KT [cos(pτ)] = s
1+p2s2

,

7. KT [sinh(pτ)] = ps2

1−p2s2 ,

8. KT [cosh(pτ)] = s
1−p2s2 .

From Hussein (2022), The KT of ABC derivative is

KT (Qϑτφ(τ)) =
B(ϑ)

1−ϑ+ϑsϑ
(
KF (s)− sφ (0)

)
. (5)

3 Analysis of the method

The biological population equation in Eq.(1) with ABC derivative is given by

Qϑτφ (η, θ, τ) =
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2, (6)

with initial condition in Eq.(2).
Taking KT to both sides of Eq.(6),

Kφ (s) = sφ (η, θ, 0) +
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2

)
, (7)

by substituting Eq.(2) in Eq.(7),

Kφ (s) = sf (η, θ) +
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2

)
, (8)

196



A.K. MUTASHAR et al.: A NEW ANALYTICAL AND NUMERICAL SOLUTIONS FOR BIOLOGICAL...

applying the inverse KT to both sides of Eq.(9),

φ (η, θ, τ) = f (η, θ) + KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2

))
, (9)

By applying ADM

φ(η, θ, τ) =
∞∑
n=0

φn(η, θ, τ), φ2(η, θ, τ) =
∞∑
n=0

Hn(φ(η, θ, τ)), (10)

where

Hn(φ1, φ2, φ3, ..., φn) =
1

n!

∂n

∂λn

[
N

(
n∑
i=0

λiφi(η, θ, τ)

)]
λ=0

, n = 0, 1, 2, ...

Substituting Eq.(10) into Eq.(9) gives us the result that,

∞∑
n=0

φn = f (η, θ) + KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +

∞∑
n=0

φn − p
∞∑

n=0

Hn

))
,

(11)
By comparing both sides of Eq.(11), the following result is obtained,

φ0 (η, θ, τ) = f (η, θ) ,

φ1 (η, θ, τ) = KT
−1
(

B(ϑ)
1−ϑ+ϑsϑ

KT
(
∂2

∂η2
φ2

0 + ∂2

∂θ2
φ2

0 + φ0 − pφ2
0

))
,

φ2 (η, θ, τ) = KT
−1
(

B(ϑ)
1−ϑ+ϑsϑ

KT
(
∂2

∂η2
(2φ0φ1) + ∂2

∂θ2
(2φ0φ1) + φ1 − p(2φ0φ1)

))
,

φ3 (η, θ, τ) = KT
−1
(

B(ϑ)
1−ϑ+ϑsϑ

KT
(
∂2

∂η2
(2φ0φ2 + φ2

1) + ∂2

∂θ2
(2φ0φ2 + φ2

1) + φ1 − p(2φ0φ2 + φ2
1)
))

...
(12)

Thus, the approximate solution of Eq.(6) is given by

φ (η, θ, τ) =

∞∑
n=0

φn (η, θ, τ) , (13)

4 Convergence analysis

Theorem 1. The method used in the solution of Eq.(??) is equivalent to determining the fol-
lowing sequence:

yn=φ1+φ2+φ3+· · ·+φn (14)

y0= 0 (15)

thus,

yj+1= KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2

j∑
n=0

Hn +
∂2

∂θ2

j∑
n=0

Hn +

j∑
n=0

φn − p
j∑

n=0

Hn

))
(16)

Proof. For j= 0,

y1=KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
H0 +

∂2

∂θ2
H0 + φ0 − pH0

))
then,

φ1=KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
H0 +

∂2

∂θ2
H0 + φ0 − pH0

))
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For j= 1,

y2= KT
−1
(

B(ϑ)
1−ϑ+ϑsϑ

KT
(
∂2

∂η2
(H0 +H1) + ∂2

∂θ2
(H0 +H1) + φ0 + φ1 − p(H0 +H1)

))
= φ1+KT

−1
(

B(ϑ)
1−ϑ+ϑsϑ

KT
(
∂2

∂η2
H1 + ∂2

∂θ2
H1 + φ1 − pH1

))
According to y2=φ1+φ2,

φ2=KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
H1 +

∂2

∂θ2
H1 + φ1 − pH1

))
This theorem will be proved by strong induction

φm+1=KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
Hm +

∂2

∂θ2
Hm + φm − pHm

))
where m= 1, 2, 3, . . . ,n−1, so

yj+1=KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2

j∑
n=0

Hn +
∂2

∂θ2

j∑
n=0

Hn +

j∑
n=0

φn − p
j∑

n=0

Hn

))
=

= KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
H0 +

∂2

∂θ2
H0 + φ0 − pH0

))
+

+KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
H1 +

∂2

∂θ2
H1 + φ1 − pH1

))
+ . . .

+KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
Hj +

∂2

∂θ2
Hj + φj − pHj

))
=

= φ1+φ2+φ3+φ2+· · ·+φj+

+KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
Hj +

∂2

∂θ2
Hj + φj − pHj

))
.

Then, from Eq.(14) and Eq.(15),

φj+1=KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
Hj +

∂2

∂θ2
Hj + φj − pHj

))

Theorem 2. y=
∑∞

n=1 φn, satisfies in

y=KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +

∞∑
n=0

φn − p
∞∑

n=0

Hn

))
. (17)

Proof. From Eq. (16)

lim
j→∞

yj+1 = lim
j→∞

(
KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2

j∑
n=0

Hn +
∂2

∂θ2

j∑
n=0

Hn +

j∑
n=0

φn − p
j∑

n=0

Hn

)))
,

=KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +
∞∑

n=0

φn − p
∞∑

n=0

Hn

))
.

198



A.K. MUTASHAR et al.: A NEW ANALYTICAL AND NUMERICAL SOLUTIONS FOR BIOLOGICAL...

thus,

y=f (η, θ) + KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +

∞∑
n=0

φn − p
∞∑

n=0

Hn

))

This means that,

y=
∞∑
i=1

φi.

Theorem 3. Eq.(17)

y=KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +

∞∑
n=0

φn − p
∞∑

n=0

Hn

))
,

is equivalent to Eq.(6);

Qϑτφ (η, θ, τ) =
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2,

Proof. From Eq.(17)

f (η, θ) +y = f (η, θ) +KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +

∞∑
n=0

φn − p
∞∑

n=0

Hn

))

By considering,

φ=y+f (η, θ) =
∞∑
i=1

φi+φ0=
∞∑
i=0

φi

we get,

∞∑
i=0

φi=f (η, θ) +KT
−1

(
B (ϑ)

1−ϑ+ϑsϑ

(
∂2

∂η2

∞∑
n=0

Hn +
∂2

∂θ2

∞∑
n=0

Hn +
∞∑

n=0

φn − p
∞∑

n=0

Hn

))

from Eq.(9),

φ (η, θ, τ) = f (η, θ) + KT
−1
(
B (ϑ)

1−ϑ+ϑsϑ
KT

(
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2

))
,

By taking KT to both sides, Kφ (s) = sf (η, θ) + B(ϑ)
1−ϑ+ϑsϑ

KT
(
∂2

∂η2
φ2 + ∂2

∂θ2
φ2 + φ− pφ2

)
, by

taking inverse KT and by Eq.(5)

Qϑτφ (η, θ, τ) =
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2,

Then the solution of Eq.(17) and the solution of Eq.(6) are equivalent.

Theorem 4. Let us assume that H is a Hilbert space, the series φ (η, θ, τ) =
∑∞

n=0 φn (η, θ, τ) defined
in Eq.(13) converges to y ∈ H, if ∃ 0 < z < 1 such that ||φn+1|| < z| |φn| |, n = 0, 1, 2, 3, ....
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Proof. Define the sequence of partial sums y}∞n=0 as,

y0 = φ0,
y1 = φ0 + φ1,
y2 = φ0 + φ1 + φ2,

...
yn = φ0 + φ1 + φ2 + · · ·+ φn.

(18)

Now, ∥∥ yn+1 − yn
∥∥ =

∥∥∥∥∥
n+1∑
n=0

φi −
n∑
n=0

φi

∥∥∥∥∥ = ||φn+1|| ,

≤ z ||φn|| ≤ z2 ||φn−1|| ≤ z3 ||φn−2|| ≤ · · · ≤ zn+1 ||φ0|| .

For all n,m ∈ N,n ≥ m ,

‖ yn − ym‖ =
∣∣∣∣( yn − yn−1

)
+
(

yn−1 − yn−2

)
+ · · ·+

(
ym+1 − ym

)∣∣∣∣ ,
≤
∥∥ yn − yn−1

∥∥+
∥∥ yn−1 − yn−2

∥∥+ · · ·+
∥∥ ym+1 − ym

∥∥ ,≤ zn ||φ0||

≤ zn−1 ||φ0|| ≤ zn−2 ||φ0|| ≤ · · · ≤ zm+1 ||φ0|| , ≤ zm+1 ||φ0||
(
zn−m−1 + zn−m−2 + · · ·+ 1

)
,

=
1− zn−m

1− z
zm+1 ||φ0|| .

Therefore, we will get the following inequality

‖ yn − ym‖ ≤
1− zn−m

1− z
zm+1 ||φ0|| . (19)

Since 0 < z < 1 and zn−m−1 + zn−m−2 + · · ·+ 1 is a geometric series, then , in other words, the
solution series in Eq.(13) is convergent.

5 Approximation and numerical solutions

In this section, we will present the analytical and numerical solution to Eq.(6)

Qϑτφ (η, θ, τ) =
∂2

∂η2
φ2 +

∂2

∂θ2
φ2 + φ− pφ2, (20)

with initial condition
φ (η, θ, 0) =e

1
2

√
p
2

(η+θ),

We will use the Adomian decomposition method assuming that B (ϑ) = 1.
Now, by means of the algorithm of the Adomian decomposition method (see Section 2), the
terms of the approximate solution can simply be obtained

φ0=e
1
4

√
2
√
p(η+θ),

H0=e
1
2

√
2
√
p(η+θ),

φ1= −e
1
4

√
2
√
pηe

1
4

√
2
√
pθϑ+e

1
4

√
2
√
pηe

1
4

√
2
√
pθ+

e
1
4

√
2
√
pηe

1
4

√
2
√
pθττϑ

Γ (ϑ)
,

H1= −2
e

1
2

√
2
√
p(η+θ)

(
Γ (ϑ)ϑ−Γ (ϑ)−τϑ

)
Γ (ϑ)

,
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φ2=e
1
4

√
2
√
pηe

1
4

√
2
√
pθϑ2−2e

1
4

√
2
√
pηe

1
4

√
2
√
pθϑ+

+
e

1
4

√
2
√
pηe

1
4

√
2
√
pθ√πϑ

(
τϑ
)2

(2ϑ)
2
Γ (ϑ) Γ

(
1
2+ϑ

) +e
1
4

√
2
√
pηe

1
4

√
2
√
pθ+

+2
e

1
4

√
2
√
pηe

1
4

√
2
√
pθτϑ

Γ (ϑ)
−2

e
1
4

√
2
√
pηe

1
4

√
2
√
pθτϑϑ

Γ (ϑ)
,

H2= 3
(

e
1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2
ϑ2−6

(
e

1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2
ϑ−

−6

(
e

1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2
ϑτϑ

Γ (ϑ)
+3
(

e
1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2

+

+6

(
e

1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2
τϑ

Γ (ϑ)
+

(
e

1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2(

τϑ
)2

(Γ(ϑ))2 +

+2

(
e

1
4

√
2
√
pη
)2(

e
1
4

√
2
√
pθ
)2√

πϑ
(
τϑ
)2

(2ϑ)
2
Γ (ϑ) Γ

(
1
2+ϑ

) ,

φ3= −3
e

1
4

√
2
√
pηe
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Thus, the approximate solution of Eq.(6) is given by
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And the exact solution of Eq.(6) is given by
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.

In Jassim et al. (2024) and Hussein & Jassim (2024), the authors used the Adomian decomposi-
tion method and the Elzaki Adomian decomposition method, respectively, to obtain approximate
solutions to the equations of the biological population model. The authors also provided the
exact solutions to these equations. When comparing the results we obtained in this work with
the results in the previous two references, we find that the results we obtained are more efficient,
as they are closer to the exact solution than the results of the two references mentioned above,
because we provided five terms by Kamal Adomian decomposition method, while the number
of terms in the previous two references is only three terms, which makes the numerical results
more efficient as well. Now, we present the numerical solution of Eq. (20), with different values
of p. These results were obtained by MATLAB R2021b.

Table 1. Numerical solutions of Eq.(20) for different values of ϑ at p = 0.
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Table 2. Numerical solutions of Eq.(20) for different values of ϑ at p = 0.5.

Table 3. Numerical solutions of Eq.(20) for different values of ϑ at p = 1.

Table 4. Numerical solutions of Eq.(20) for different values of ϑ at p = 3.

Table 5. Numerical solutions of Eq.(20) for different values of ϑ at p = 5.

When comparing the results of this study with those of researchers Hussein, and Ziane
study, (see Hussein & Ziane (2024)) it becomes evident that the results of this study are more
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accurate and superior. This is because the terms of the approximate solution were calculated
up to the fifth term, compared to the lower limits relied upon in Ghazwane Ali’s study. This
extension in calculating the limits brings the approximate solution in this study closer to the
exact solution, thereby reducing the margin of error and increasing the reliability of the results.
For instance, if researchers Hussein and Ziane’s study achieved an approximation up to the third
limit, calculating the limits up to the fifth in this study provides additional details and higher
accuracy, reflecting a significant improvement in the quality of the results. This enhancement
highlights the importance of the methodology adopted in this study and establishes it as a strong
reference for future research in this field. When comparing the error margins or deviations from
the exact solution, the numerical values in this study are significantly lower, confirming the
superiority of the approach used. This further supports the conclusion that extending the
approximation to higher limits enhances the precision of the results, making them more reliable
and closer to the exact solution.

Remark 1. By the numerical solutions in Tables (1-5), it can be observed that the approximate
analytical solutions converge to the exact solution of the differential equation when theta ap-
proaches one. This means that the solutions we obtained by the Kamal Adomian decomposition
method are solutions close to the exact solution, which leads us to the fact that the method used
is effective and highly efficient.

Remark 2. The Atangana-Baleanu fractional derivative is a powerful tool in fractional cal-
culus due to its non-singular kernel, ability to model memory effects, and improved physical
interpretation. It addresses many of the limitations of traditional fractional derivatives and has
found widespread use in modeling complex systems across various scientific and engineering dis-
ciplines. Its mathematical consistency and computational efficiency further enhance its appeal
as a modeling tool.

6 Conclusions

This study presented analytical and numerical solutions for the non-linear fractional biological
population equation with the fractional derivative of Atangana Baleanu using the Kamal Ado-
mian decomposition method. Also, the study presented numerical solutions for this equation
using MATLAB, and through Tables 1, 2, 3, 4, and 5, it is shown that the analytical and numer-
ical solutions converge to the exact solution for the equation at different P values. In addition,
the existence and uniqueness of the solution were studied, and it was proven through theories
that the solution exists and is unique. In the end, we recommend that researchers study this
equation with fractional derivatives and other analytical methods.
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