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Abstract

In this study We produce new numerical scheme which rely on sextic B-spline Galerkin method takes with
quintic B-spline as a weight function, for solving the Burger's equation, contrasted with exact solution can be done and
then we find out a linear stability analysis which is erect on a Fourier (Von Neumann) method.

1- Preface

The Burger's equation first appeared in 1915 [2], where he applied this equation as a sample for the motion of a
viscous fluid when the viscosity approaches zero. Later, Burger investigated various aspects of turbulence and
developed a mathematical model illustrating the theory as well as statistical and spectral aspects of the equation and
related system [4],[5],[6]. Because of comprehensive work of Burger, it's known as Burger's equation. It play an
necessary part in studying different problem for sciences and engineering like a model in fields as wide as heat
conduction [7], gas dynamics [12], longitudinal elastic waves in an isotropic solid [3], number theory [18], and so
forth. The Burger's equation is solved analytically and independently for unintentional intinal conditions [11],[7]. In
many states, these solutions include infinite series which may converge very slowly for small values of viscosity
coefficients €, which correspond to steep wave fronts in the propagation of the dynamic wave forms. Burgers’ equation
shows a similar features with Navier-Stokes equation due to the form of the nonlinear convection term and the
occurrence of the viscosity term. Before concentrating on the numerical solution of the Navier-Stokes equation, it
seems reasonable to first study a simple model of the Burgers’ equation. Therefore, the Burgers’ equation has been
used as a model equation to test the numerical methods in terms of accuracy and stability for the Navier-Stokes
equation. Many authors have used a variety of numerical techniques for getting the numerical solution of the Burgers’
equation. Numerical difficulties have been come across in the numerical solution of the Burgers’ equation with a very
small viscosity. Various numerical techniques accompanied with spline functions have been set up for computing the
solutions of the Burgers’ equation. The nonlinear term UU, makes it more interesting to study as it is one of the few
nonlinear partial differential equations that have been solved analytically.

2- Sextic B-Spline Galerkin Scheme with Quintic Weight Function (SBGQWM)

Consider the one dimensional quasi-linear parabolic differential equation known as Burger's equation given by
[11].
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where € > 0 is the coefficient for the kinematic viscosity and subscripts x and t denote differentiation. “The boundary
conditions” are selected form

U(a,t) =0, U((b,t)=0,
Ue(a, t) =0, Uy(bt)=0, te(0,T] )
Une(@,8) =0, Uxy(b,t) =0,
With initial condition

U(x,0) = g(x), as<x<b

g (x) is a prescribed function. If the Galerkin technique is applied to (1) such that W is the weight function
yields the following integral equation:

b
f W (U, + UUy — €Uyy)dx = 0, 3)
a

We consider the mish a = x4 < x; < -+ < x5 = b is a uniform partition of the solution domain a < x < b by the
knots x,,, and h = x,;, — x;u_q1 , m = 1, ..., N, throughout this paper.

The sextic B-spline E,,(x), (m = —3(1)N + 2), which form basis over the solution domain [a, b] at the knots x,,,
is defined as [14]

(91 = (x = Xm_3)°, if x € [xp-3,xm-2],
92 = 91— 7(x = Xp_)°, if x € [Xm—2,Xm-1],
93 = g2 + 21(x — x,p_1)°, if x € [xp-1,xm],
_ 1 9ga = 9gs — 35(X - xm)6' ifx € [xm!xm+1]:
Fm(x) - ﬁ< 6 6 6 .
(x - xm+4) - 7(x - xm+3) + Zl(x - xm+2) , ifxe [xm+1'xm+2]'
(X = Xm44)® — 7(X — Xm43)°, ifx € [Xmy2, Xmaal,
(x - xm+4)6' ifx € [xm+3'xm+4]:
\ 0, otherwise.

(4)

The set of splines (F_3(x), F_5(x), ..., Fy+1(x), Fy12(x)) represent forms a basis for functions defined over [a, b]. The
approximate solution Uy (x, t) to the exact solution U(x, t) is

N+2

Un(et) = ) R, 5)

i=-3

Such that ; are unknown (time-dependent) parameters that will be determined from the weighted residual and
boundary conditions. Since each cubic B-spline covers seven elements such that every element [x,,, X,,41] iS covered
by seven splines. . In each element, we using the following local coordinate transformation [18]

h=x—x, 0<n<1, (6)
The shape functions in expressions n over the element [x,,, x,,+1] to the sextic B-spline (4) can be given by:-

l:m—3 = (1 - T])Gr
Fm—z = (2-m°=7(1-1)°
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Fm-1= (3 -m°-7(2-m°+21(1 -n)°,
Fm =@ -m°%—703-1m)°%+21(2 —1)%—35(1 —1n)",
Fie1 = (-1 —2)° = 7(-m — D® + 21(-n)*,
Friz = (=n—=1° = 7(-)°,
Fmiz = (—1)°, (7

All splines apart from F,,,_s, Fyn—2, Fm—1, Fn» Fns1, Fme2 and F,,.5 over the element [x,,, x+1] €qual zero.
Variation of the function U(n, t) over element [x,,,, X, +1] iS approximated by

m+3

U0 = ) Fm), ®

i=m-3

Where B-splines  Fr,_5(n), Fpo—2 (1), Frne1 (1), En (1), Frni1 (), Fry2(n) and Fry3(n) behave as element shape
functions and 7,,_5(t), Trm—2(t), Tm—1 (), T (£), Tm+1, Tm+2(t) and 7,,,5(t) as element parameters. The spline F, (x)
vanishes outside the interval [x,,_3, X 14]-

Using trial function (5) and sextic B-spline (4) to determine the value of U with its first and second derivatives U’, U"
respectively at the knots (x,,,) in terms of element parameters 7, as follows:

Up = U(xy) = Tes + 57Tm_y + 30271 + 3027, + 57Time1 + Tma2s
Uy = U’ (n) = 7 (T + 25Tinz + 40Ty — 40Ty, — 25Tme1 — Tmaz),

U = U"(Xm) = 25Tz + ITm—z — 102751 — 10275 + ITpns + Tmaz). (9)

Weight function W (x) is taken as a quintic B-spline E,, (x), (m = —2(1)N + 2), at the knots x,,, which form basis
over the solution domain [a, b], is defined as [14]

ey = (X = Xm_3)°, ifx € [Xpm_3, Xm—2],
e, = e —6(x —xp_2)° if x € [xp_2) Xm-1],
L le=et 15(x — %py-1)°, ifx € [Xp-1, Xm),
En(x) =59 e, = e3 —20(x — x,,)°, if x € [, Xms1l, (10)
es = e, + 15(x — Xpi1)°, if x € [Xm41) Xmazl,
s = €5 — 6(X — Xpy2)®, if x € [Xpmiz, Xmesl,
0, otherwise.

In each element, using (6), a shape functions of quintic B-spline in terms of n over the element [x,,,, X, +1] iS given by

Em—z=(1-1)°
Em-1 = (2—1)° - 6(1-n),
Em =@-m)°-6(2-1)°+15(1-n)°,
Emer = (4—m)° = 6(3—1)°+15(2 —1)° — 20(1 —)°,
Emiz =(G-1m°—6(4—1)°+15@ —1)° - 202 —1)° + 15(1 —n)°,
Emiz = 1°, (11)

When the Petrov-Galerkin approach is applied to Eq.(1), Using transformation (6), equation(3) for the typical element
[Xm, Xm+1] becomes ([9],[10])

1 0
Jo WU+ Uy, —%U,m)dn =0, (12)

Where U was taken to be a constant over an element to simplify the integral [8],[17]

1
f(w U, + AWU, + W, U,)dn = WU, 13, (13)
0
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Such that,
A=0/h and B =¢/h?,

If we take the weight function with quintic B-spline shape functions given by (11) and reparation approximation
(8) in equation (13), get

m+3 1 m+3 1
Z [ f Ej Fydn]t + Z [ f (AE;F] + BEjF{)dn — BE;F] 1§]7{ = 0 (14)
i=m-3 o i=m-3 o

Simplifying, we can write (14) in matrix form as follows:
(X5)Te + [BYS — RS) + 2Q5]T¢ = 0. (15)

Such that 7€ = (Tyu—3, Tm-2> Tm—1, Tm» Tm+1,Tm+2 Tm+s) . Tepresent the element parameters. The element

matrices X7, V%, Rf; and Q{; are rectangular (6 X 7) given by the following integrals :

462 36959 244205 304250 76900 2503 1
1 16171 1537535 11886590 17975130 6128395 375559 1580
X?-:J-E-F-dn:Ll 51014 5748218 52521800 96528940 42334750 3704026 25812|
i o 5544| 25812 3704026 42334750 96528940 52521800 5748218 51014
0 l1580 375559 6128395 17975130 11886590 1537535 16171J
1 2503 76900 304250 244204 36959 461
126 4621 11215 —7190 —8140  —631 -1
[1805 83245 274990 —87150 —237055 —35455 —380]
Yq:fE,F,dn:il 670 65170 397840 94340 —438850 —116950 —2220|
i i 42[-2220 -116950 -—438850 94340 397840 65170 670 |
0 l—380 —35455 —237055 -87150 274990 83245 1805J
-1 -630  -8140 -7190 11215 4621 127
6 150 240 —240 -150 —6 0
[156 3894 6090 —6480 —3660 —6 6]

396 9744 11940 -—-22080 -3660 3504 156

e = (E-FHY X =
Ry = Eifj) o 156 3504 —3660 —22080 11940 9744 396/

6 —6 —3660 —6480 6090 3894 156
0 —6 —151 —240 240 150 6

—252  —8861  —20445 14060 14480 1017 1

1 9113  —388303 —1161290 486520 950545 120623 1018
05 =fE-F-’dn=—_29558 —1529148 —5905750 861980 5530290 1056688 15498
y it 462|-15498 —1056688 —5530290 —861980 5905750 1529148 29558
0 —1018 —120623 —950545 —486520 1161290 388303 9113

-1 1017  —14480 —14060 20445 8861 252

Such that suffices j takes just the values 1(1)6 and i takes values (m — 3)(1)(m + 3 for the typical element
[%m, Xm+1]- A lumped value is defined as

3
A= —(Tjn-3 + 57Tz + 302T;n_1 + 3027y + 57741 + Tma2)2,by gathering all
contributions from all element we get,

(Xij)r +[B(Yyj — Rij) + 2Qij]r = 0 (16)

where 7= (T_3,T_3,T_1, ...,Tn, Tn+1, Tn+2)’ IS a global element parameter. The matrices X,Yand AQ are
rectangular, 13-diagonal and row of each has the following form :

X= ﬁ (1,4083,478271,10187685,66318474,162512286,162512286,66318474,10187685,478271,4083, 1, 0),

Y = i(—l, —1011,—45815,-360525,—447810,855162,855162, —447810, —360525, —45815,—-1011,-1,0),
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AQ = — (=11, —1017A; — 1018, ~14480A; — 1206231, — 154983, —140604; — 9505451, — 10566884; —

295581,, 204451, — 4865201, — 553029015 — 15291481, — 911315, 88614, + 11612901, — 8619804; —
59057501, — 3883035 — 2524, 2521, + 3883031, + 59057505 + 8619801, — 116129015 —
886116,91131, + 152914815 + 55302901, + 48652015 — 2044514, 295581, + 10566881, + 95054515 +
1406014, 154981, + 12062315 + 1448044, 101815 + 101744, A4, 0)

where,
Ay = = (Tmes + 58Tz + 359T_1 + 6047y, + 359741 + 58Tz + Tmes)?,
Ay = f—h(rm_z + 587,51 + 3597,y + 604711 + 359Tmes + 58Tmes + Tmea)?
Ay = f—h(rm_1 + 587, + 359T 41 + 6047112 + 359Tmes + 58Tmea + Tmes)?
Ay = f—h(rm + 58741 + 359T,m42 + 604T45 + 359T s + 58Tmes + Tmas)?
As = = (Tie1 + 58Tz + 359Tms + 604Tp4 + 359T s + 58Tnsg + Tmer)?,

dg = f—h(‘rm+2 + 58T 3 + 359744 + 604Tmyss + 359T 46 + 58Tmer + Tmes)?

“replacing the time derivatives of the parameter 7° by usual forward finite difference approximation and parameter 7 by
the Crank-Nicholson formulation” [16]

n+i__-n

T

- T — 1. n n+1
T =, T =T T ,
v ;@™ + )
into equation (16), obtain (N+5)x (N + 6) matrix system
[Xij + %(‘B(YL‘}‘ - Ry) - AQU)] T = [Xij - %(.B(Yij - Ryj) - lej)] ™, (17)

To make the matrix equation be square we imposing the boundary conditions to (17). The initial vector of
parameter 7° = (z9,7?,...,tJ) required be determined to iterate system (17). The approximation (5) is rewritten over
the interval [a, b] at time t = 0 as follows :

N+2

Uy(x,0) = Z Fn T‘ron'

m=-3

U(x, 0) must be satisfy the following relations at the mesh points x,,, :
Uy (xm, 0) = U(xy, 0), m=0,1,...,.N
U'n(x0,0) =U'(xy,0) =0,
U" N (x,0) = U"(xy,0) = 0.

So, the initial vector of parameter 7° can be determined as

0110
30 270 —300 —300 270 30 1l =, 0
6 150 240 —240 —150 —6 iy 0
1 57 302 302 57 1 w0 U(xo)

=l Tl a®

1 57 302 302 57 1|l :
6 150 240 —240 —150 —6| .V U(xy)
! 30 270 -300 —300 270 30!{Tw+1 0

0
[Ty42d L0

To solve this system, first must reduce it to six-diagonal form by eliminating the first three and last pair of equations
and then apply Thomas algorithm .[14]
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3- Stability

We apply the Von-Neumann stability method for the stability, since this method is applicable to the linear schemes,
the nonlinear term U U, is linearized by taking U as a constant value k [13].

The linearized form of suggested scheme (17) takes the form

n+1 n+1 n+1 n+1 n+1 n+1 n+1 n+1
#1Tm-3 + P2Tm-2 + #P3Tm-1 + PaTm + Ps5Tm+1 + Pe6Tm+2 + P7Tm+3 + P8Tm+a +

n+1 n+1 n+1 n+l _ n n n n
PoTmis T P10Tmre T P11Tm+7 T P12Tmis = P12Tm-3 T P11Tm—2 + P10Tm-1 + PoTm +
n n n n n n n n
P8Tm+1 T P7Tmi2 T P6Tma3z T PsTmsa T PaTmas T P3Tmre T P2Tme7 T P1Tmas:

where

1 At 1 2 4083 At 1011 20351
p1_5544_?(53+462)’ 772_5544_7( 42 B 462 ),

478271 At (45815ﬁ 150601/1) 10187685 At (3605253 20508511)

P3 = 55aa 2 42 462 7' Pr= "5sma 2 42 462 '

66318474 At ,447810 75346261 162512286 At ,855162 59861341
P5 = "55aa 2(42 B 462 ) P6 = 554 +2(42 b 462 ) s

162512286 At ,855162 59861341 66318474 = At 447810 75346261
P7= " 5saa 2 ( 42 B 462 ) P8 = T55aa + 2 ( 42 B 462 ),

10187685 . At ,—360525 20508511 478271 = At 45815 1506011
#P9= "5saa +7( 42 B - 462 ) #10 = 55ag +7( 42 B - 462 ),

4083 At ,1011 20351 1 At 1 2
;711—5544+7(42 B - 462 ), p12_5544+7(53_462)’

The error in typical mode of amplitude y,z7% = ye®™", substituting the above Fourier mode into linearized form
gives

yn+1 — 5)/n
the growth factor g,4 has the form :

_ ble6i'8h+(bz+b12)(eSiBh+e_5i'Bh)+(b3+b11)(e4iﬁh+6_4wh)+(b4+b10)(€3iﬁh+€_3wh)+

- b12€6iﬂh+(b11+b1)(€5iﬁh+8_5iﬁh)+(b10+b2)(e4iﬁh+6_4iﬁh)+(b9+b3)(€3iﬁh+€_3wh)+
(bs+bo)(e2Phte=2iBM) 1 (bo+bg)(e!B+e~ 1By +p,
(bg+by)(e2iBhye—2iBh) 4 (b, +bs)(etPh+e~iBh)+bg

So that the magnitude of the growth factor | y| < 1. The linearized recurrence relation based on the present scheme is
unconditionally stable.

4- Numerical example

The test problem is studied so that demonstrate the robustness and numerical accuracy of the suggested

method. Accuracy is measured by using L, and L, error norms
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(19)

Lo = U= Uy, = max;|U; — (U], (20)

L, and Lerror norms are used for numerical example and comparison is made with results of the paper [6].

“Burgers’ equation has the following form of the analytical solution”.

UCe,t) =—E—— t=>1, 0<x<1, 1)

Table (1) Comparison of results at different times for v = 5 x 10~3with At = 1x 10 2and h = 5 x 1073

. t=17x10"1 | t=17x10"1 |[t=24x10"1|t=24x10"1|t=31x10"1| t=31x10"!
SBGM Exact SBGM Exact SBGM Exact

0.1 0.058823 0.058823 0.041666 0.041666 032258 032258
0.2 0.117645 0.117645 0.083332 0.083332 064515 .064515
0.3 0.176458 0.176458 0.124995 0.124995 096771 096771
0.4 0.235166 0.235168 0.166640 0.166640 129021 129021
05 0.291875 0.291904 0.208111 0.208114 .161230 161231
0.6 0.295812 0.295910 0.247396 0.247417 193123 193127
0.7 0.041931 0.041929 0.252093 0.252172 221847 221867
0.8 0.000648 0.000646 0.072996 0.073025 215071 215135
0.9 0.000005 0.000005 0.003023 0.003023 070789 070874

L, x 103 0.02883 0.02470 0.14833

Lo X 103 0.11314 07877 1.09575

Where t, = exp(giv) .The propagation of the shock is represented by the equation above. The initial shock which

is taken when t =1 in Eq. (21) will be observed as time progresses. To make comparison with earlier study [1],
computation is done with parameters h = 5 x 107%), v = 5 x 107%) and At = 1 x 1072 over the domain [0, 1]. Table (1)
show a comparison of the exact solution with numerical values to scheme . Comparisons are presented at time t = 1.7,
2.4 and 3.1 only . The accuracy in the L, norm obtained is measured as 2.8 x10~° at time t=1.7, 2.4 x10~>at time
t=2.4 and 1.4 x10~* at time t = 3.1 for the SBGQWM.

The propagation of the shock is visualized at some times in the Figs. (1), which it is seen that the initial shock
becomes steadier as a program runs . At time t = 3.1, the error distribution is drawn over the domain in the Figs.(2),
and there appears to be the highest error about the right-hand boundary position.
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Figure (1) :v=5x103, h=5%x 1073, At =1 x 102
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Figure (2): the (jnumerical — analytic solution|) Error at time t = 31 x 10~! withv =5x 1073

5- Conclusions

The numerical algorithm based on Sextic B-Spline as trial function Galerkin method and quintic B-splines as
weight function and is constructed of both Burgers’ equation. The numerical method appear able to producing
numerical solution for high accuracy of the solution to the Burgers’ equation. Also we found that there is not
frequently effect of the time-splitting for Burgers’ equation on obtainment the numerical solution introduction method.
The experimental results of the scheme is a lot more acceptable in comparison with the precedent results [1].

Therefore we can be concluded that the introduction method is efficient and credible for getting a numerical
solution for the partial differential equations. The simulation process is made by using MATLAB 2011 software

package.
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